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PREFACE. 


The  Problems  contained  in  the  following  pages  have  been 
selected  from  the  Jesus  College  Papers,  and  nearly  the  whole 
of  them  have  been  proposed  at  the  half-yearly  examinations 
during  the  last  ten  years. 

Those  in  Euclid,  Conic  Sections,  Algebra,  and  Plane 
Trigonometry,  have,  with  a  few  exceptions,  been  set  during 
the  latter  half  of  this  period. 

It  will  be  observed  that  some  of  them  have  been  inserted 

in  Mathematical  books  which  have  recently  appeared,  and 

I      that  others  are  only  particular  cases  of  well-known  theorems ; 

but  I  believe  that  by  far  the  larger  number  will  be  met  with 

I  here  for  the  first  time. 
L  I  have  been  induced  to  publish  them,  in  the  hope,  that 
I  collection  of  Problems,  a  large  proportion  of  which  are 
lasy,  in  the  elements  of  most  of  the  subjects  usually  read  at 
Cambridge  would  be  found  useful. 
I  Although  the  great  majority  of  these  Questions  are  due 
to  the  Lecturers  of  the  College,  papers  have  on  several  oc- 
casions been  contributed  by  others,  and  I  must  not  omit  to 
mention  the  valuable  aid  which  has  thus  been  afforded  by 


y 


viii  PREFACE. 

E.  Walker,  Esq.,  late  Fellow  of  Trinity  College,  the  Rev.  J. 
Wolstenholme,  Fellow  of  Christ's  College,  and  J.  E.  Prescott, 
Esq.,  late  Fellow  of  Corpus  Christi  College. 

The  results  have  always  been  given,  except  in  a  few  cases, 
in  which,  from  the  nature  of  the  questions  they  would  have 
been  almost  equivalent  to  solutions;  in  preparing  them,  the 
kind  assistance  of  several  friends  has  enabled  me  to  render 
them  far  more  free  from  errors  than  they  otherwise  would 
have  been. 


H.  A.  MORGAN. 


Jesus  College, 

MoAj  i^thf  1858. 
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ERRATA. 

Rgre  Problem 

7  9  (2),  for  5  read  4  in  both  cases. 

4  56,  erase  the  term /(a;)  in  the  second  member  6f  the  equation. 

35  29,  for  2o  coto  read  2a  cot2o. 

37  45,  for  cos  read  cot. 

45  92,  forlog|cot(^  +  |)|    read  log  |  cot  ^  .  cot  (^  +  ^)  | . 

47  2,  for  bisect  read  trisect. 

50  24,  in  the  first  equation  for  y  read  2y,  and  in  the  second  for  2y  read  y. 

51  27,  the  latter  part  of  this  equation  is  incorrect. 
65  8,  for  con  read  %. 

74     •       66,  for  a2  read  o'2. 

81  6,  for  three  straight  lines  read  two  straight  lines  and  the  circle. 

123  10,  for  a  read  oc. 

—  11,  for  axis  read  base. 

125  21,  this  result  is  incorrect ;  no  neat  result  obtainable. 

131  19,  for  shew  that,  read  find  how  far. 

133  30,  for  w  read  2w. 

2 

—  32,  for  of  A  &c.  read  of  C  will  be  parallel  to  £A  if  tana  =  —rz.. 

138  30,  this  result  is  incorrect,  see  answer  to  this  question. 

157  15,  for  4200  read  4000. 

185  29,  for  y  read  V. 


PEOBLEMS. 


EUCLID. 


1.  If  any  two  of  the  sides  of  a  parallelogram  which  meet 
each  other  make  equal  angles  with  either  diameter,  then  the 
figm-e  is  a  rhombus. 

2.  On  the  sides  AB,  BC,  CDj  JDA,  of  a  parallelogram  set 
ofF^^,  BFj  CGj  Bffj  equal  to  each  other  and  join  AF,  BG, 
CH,  DEj  these  lines  form  a  parallelogram,  and  the  difference 
of  the  angles  AFB^  BGCj  equals  the  difference  of  any  two 
proximate  angles  of  the  two  parallelograms. 

3."  Draw  lines  through  the  angular  points  of  a  parallelo- 
gram which  shall  form  another  parallelogram  equal  to  twice 
the  former. 

4.  In  the  fig.  Bk.  1  Prop.  7  shew  that,  if  AC=BD  and 
AD^BG,  then  GB  is  parallel  to  AB-,  but  if  AG=BG  and 
AB=BBj  then  GB. is  perpendicular  to  AB. 

Apply  this  proposition  to  shew  that  two  circles  cannot 
intersect  in  more  than  two  points,  one  on  each  side  of  the  line 
joining  their  centers. 

5.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  no  other  line  terminated  by  the  same  two  sides 
can  be  bisected  in  the  same  point. 

6.  If  two  triangles  have  their  areas  equal,  and  one  side 
and  an  adjacent  angle  equal  in  each,  they  shall  be  equal  in 
all  respects. 

Hence  shew  that,  if  a  parallelogram  and  a  quadrilateral  on 
the  same  base  and  between  the  same  parallels  be  equal  to  one 
another,  then  the  quadrilateral  is  a  parallelogram. 


2  PROBLEMS. 

7.  Let  ACB,  ADBj  be  two  right-angled  triangles  having 
a  common  hypothenuse  AB^  join  CD,  and  on  CD  produced 
both  ways  draw  perpendiculars  AEj  BF.     Shew  that 

CE^  +  CF^  =  DF'  +  DF\ 

8.  From  A  C  the  diagonal  of  a  square  ABCD  cut  off  ^^ 
equal  to  one-fourth  of  ACj  and  join  BF^  DF.  Shew  that 
the  figure  BADF  equals  twice  the  square  on  AF. 

9.  Let  ABCD  be  a  rectangular  parallelogram,  G-j  H,  two 
points  in  AD  and  i>0,  and  F  and  i^  in  JL5  and  BC  re- 
spectively, such  that  6^^  equals  FF, 

Join  ^5,  AF,  CG,  CF,  and  shew  that 

AH'-^Ca'  =  AF'+CF'. 

10.  In  the  fig.  Bk.  1,  Prop.  47,  let  BAC  be  the  right 
angle,  ABFGj  BCFD,  CAHK,  the  three  squares  and  AL 
perpendicular  to  DF.  Prove  that  AD,  AF,  are  at  right 
angles  to  FC,  BK,  and  that  if  AD,  AF,  AL,  cut  BC  in 
M,  N,  R,  then 

BM:CN::BB:CB. 

11.  In  the  fig.  Bk.  2,  Prop.  9, 

(1)  AD'-DB'=2AB.CD. 

(2)  AB'=4.CD'+4.AD.DB. 

12.  ^^Ci),  ^^Oi^,  are  two  parallelograms,  FA,  AD 
being  in  a  straight  line.  Let  FG  drawn  parallel  to  AC  meet 
BA  produced  in  G,  Then  the  triangle  ABF  equals  the 
tn&ngle  ADG. 

13.  Any  polygons  whatsoever  described  about  a  circle  are 
to  one  another  as  their  perimeters. 

14.  The  sum  of  the  alternate  angles  of  any  hexagon  in- 
scribed in  a  circle  is  equal  to  four  right  angles. 

15.  Find  where  a  paper  triangle  must  be  folded  so  that! 
the  vertex  may  fall  upon  a  given  point  in  the  base.  What 
limitation  is  necessary  respecting  the  position  of  the  sai^ 
point  in  order  that  the  crease  may  not  cut  the  base  ? 
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16.  Take  any  two  points  G  and  ^in  the  diagonal  BD  of 
the  square  ABCD  and  join  A  G,  AH.     Then 

A  G'^AH'=HG.{DH^  GB). 

17.  ABCD  is  a  square,  A  C  its  diagonal,  bisect  AD  in  Ej 
join  BE  cutting  AC  m  F^  then  will 

AAEF^  ACEF^  AABE  ^  ABCF 
1  2  3  4      * 

18.  If  two  circles  touch  each  other  externally,  and  on  the 
part  of  their  common  tangent  intercepted  between  the  points 
of  contact  as  diameter  a  circle  be  described,  it  will  touch  the 
line  joining  their  centers. 

19.  With  three  given  points  as  centers,  not  lying  in  a 
straight  line,  describe  three  circles  which  shall  have  three 
common  tangents. 

20.  In  a  circle  describe  a  triangle  having  each  of  the 
angles  at  the  base  one-third  of  the  vertical  angle. 

21.  Shew  that  if  BAC  be  an  angle  standing  on  the  cir- 
cumference BC,  then  the  sum  of  the  angles  in  the  segments 
AB,  ACis,  invariable  wherever  the  point  A  be  taken,  and  is 
equal  to  BA  C  together  with  two  right  angles. 

22.  ABC  is  an  isosceles  triangle,  AB  the  base,  D  a  point 
in  a  straight  line  parallel  to  AB,  DE  perpendicular  to  ABj 
prove  that  the  difference  of  the  triangles  ADCj  AEC,  is 
a  constant  area. 

23.  If  an  octagon  be  capable  of  having  a  circle  described 
about  it,  shew  that  the  sums  of  the  alternate  angles  are  equal. 

24.  Shew  that  if  angles  be  formed  by  lines  drawn  from 
the  angles  of  a  quadrilateral  figure  described  about  a  circle  to 
the  centre,  and  any  two  adjacent  angles  of  these  be  equal, 
then  the  other  two  will  be  equal  also. 

25.  Describe  an  isosceles  triangle  having  each  of  the 
angles  at  the  base  equal  to  one-eighth  of  the  third  angle. 

26.  Shew  that  the  inscribed  circle  must  always  have 
a  different  center  from  the  circumscribed  circle  unless  the 
triangle  be  equilateral. 

b2 


4  PROBLEMS. 

27.  If  circles  be  described  upon  the  sides  and  hypothenuse 
of  a  right-angled  triangle  as  diameters,  then  the  segments  cut 
off  by  the  hypothenuse  from  the  former  shall  be  similar  to 
those  cut  off  by  the  sides  from  the  latter. 

28.  What  will  be  the  form  of  the  base  of  a  p5n:amid 
whose  sides  consist  of  the  greatest  possible  number  of  equal 
equilateral  triangles  ? 

29.  ACB  is  a  right-angled  triangle  on  a  fixed  hypo- 
thenuse ABj  AEG.  BDG  equilateral  triangles  on  the  sides 
ACj  BGj  which  are  bisected  in  G,  F.  Prove  that  the  sum  of 
the  triangles  AFBj  BEG  is  constant. 

30.  If  from  a  circle  a  segment  be  cut  containing  an  angle 
equal  to  that  which  it  subtends  at  the  center,  then  the  chords 
containing  that  angle  will  always  be  together  equal  to  the  line 
drawn  from  their  point  of  meeting  to  the  bisection  of  the  re- 
maining segment. 

31.  Find  a  point  without  two  concentric  circles  from 
which  if  tangents  be  drawn  to  the  circles  the  one  shall  be 
double  of  the  other. 

32.  Through  a  given  point  in  the  base  of  a  triangle  draw 
a  line  which  meeting  one  of  the  sides,  produced  or  not,  shall 
form  a  triangle  bearing  a  given  ratio  to  the  given  triangle. 

33.  Divide  a  straight  line  into  two  parts,  such  that  twice 
the  rectangle  contained  by  one  of  the  parts  and  the  line  made 
up  of  the  whole  and  the  other  part  shall  be  equal  to  the  square 
of  the  whole  line. 

34.  Let  AB  be  the  diameter  of  a  circle,  GD  a  chord 
parallel  to  AB,  and  equal  to  one-half  of  it ;  join  A  G,  and 
let  the  tangent  at  B  meet  AG  produced  in  E,  shew  that 
AE=2AB.  If  ED  produced  meets  AB  in  F.  shew  that 
AB=S.BF. 

35.  Let  ABGD  be  a  parallelogram,  bisect  AB^  DG'mE 
and  Fj  join  AF,  BE,  GE^  BE,  cutting  the  two  diagonals  in 
P,  Qj  Ej  8.  Shew  that  PQE8  is  a  parallelogram  whose  area 
is  one-nmth  of  the  parallelogram  ABGD. 
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36.  B  is  the  middle  point  of  the  arc  of  a  segment  ABC 
less  than  a  semicircle.  Produce  AB  to  By  and  draw  BC 
perpendicular  to  BC.  Then  the  circle  described  about  BCB 
will  pass  through  the  intersection  of  the  tangents  at  A  and  C. 

37.  If  a  circle  can  be  9.escribed  cutting  the  sides  ABj  BC, 
CA  of  a  triangle  in  the  points  B,  E;  F,  G]  H,  K,  in  such 
a  manner  that  AB=BF=Cff,  and  EB=GC=KA,  shew 
that  the  triangle  is  equilateral. 

38.  In  the  fig.  Bk.  2,  Prop.  13,  Case  2,  draw  a  per- 
pendicular CF  from  the  obtuse  angle  C  upon  the  side  AB, 
and  prove  that 

AB'=AB.AF-\-BC.BB. 

39.  Make  an  isosceles  triangle  of  given  altitude  whose 
sides  shall  pass  through  two  given  points  and  have  its  base 
in  a  given  straight  line. 

40.  If  the  circumference  of  one  circle  passes  through  the 
center  of  another,  any  two  chords  of  the  second  drawn  from 
the  points  of  intersection  so  as  to  cut  one  another  in  the  said 
circumference  will  be  equal. 

■  41.  The  circumference  of  one  circle  passes  through  the 
centre  0  of  another;  and  through  A  one  of  the  points  of 
intersection,  a  diameter  ^^  is  drawn  to  the  first  meeting  the 
other  in  (7;  shew  that 

AB.AC=2  0C\ 

42.  If  two  unequal  circles  cut  one  another;  and  the 
straight  line,  drawn  through  one  of  the  points  of  intersection 
to  the  extremity  of  the  diameter  through  the  centers,  be 
bisected  in  that  point,  then  the  circumference  of  the  lesser 
circle  will  bisect  the  distance  between  the  centers. 

43.  If  lines  be  drawn  through  the  angles  of  a  parallelo- 
gram so  as  to  form  q,  second  parallelogram,  the  segments 
which  these  taken  in  order  produced  or  not,  cut  off  from  the 
sides  taken  in  order  of  the  first  produced  or  not,  shall  be 
proportionals. 


6  PROBLEMS. 

44.  In  any  triangle  the  line  bisecting  an  angle,  and  the 
line  bisecting  and  perpendicular  to  the  opposite  side  intersect 
in  a  point  in  the  circumscribing  circle. 

45.  If  the  interior  and  exterior  angles  at  the  vertex  of 
a  triangle  be  bisected  by  lines  which  cut  the  base  and  the 
base  produced,  then  the  sum  of  the  segments  of  the  base  be- 
tween the  points  of  section  and  either  of  the  other  angles  of 
the  triangle  is  to  their  difference  as  the  sides  of  the  triangle 
are  to  each  other. 

46.  If  three  circles  touch  each  other  in  any  manner,  the 
^     tangents  at  the  points  of  contact  pass  through  the  same  point. 

47.  If  three  lines  MN,  PQ,  ES,  be  drawn  through  any 
point  within  a  triangle  parallel  to  the  sides  AB,  AC,  BUy 
respectively,  then  will 

AB^AG'^BC   ' 

48.  Given  the  perimeter,  the  vertical  angle  and  the  per- 
pendicular from  one  extremity  of  the  base  upon  the  opposite 
side  of  a  triangle,  construct  the  triangle. 

49.  If  through  two  given  points  in  the  circumference  of 
a  circle,  pairs  of  equal  chords  be  drawn,  one  set  of  their  inter- 
sections will  lie  in  a  diameter  of  the  circle  and  the  other  in 
the  circumference  of  a  second  circle,  passing  through  the 
given  points. 

50.  If  i^  be  a  point  in  the  side  CB  of  a  right-angled 
triangle  CDj  FE^  perpendiculars  on  the  hypothenuse  AB, 
then 

AD.AE-{-  CI>.EF=AC\ 

51.  If  a  quadrilateral  circumscribe  a  circle,  its  diagonals, 
and  the  lines  joining  the  points  of  contact  of  opposite  sides, 
meet  in  a  point. 

52.  In  a  quadrilateral  figure  ABGD  is  inscribed  a  second 
quadrilateral  by  joining  the  middle  points  of  its  adjacent 
sides ;  a  third  is  similarly  inscribed  on  the  second,  and  so  on. 
Shew  that  each  of  the  series  of  quadrilaterals  will  be  capable 
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of  being  inscribed  in  a  circle  if  the  first  three  are  so.  Shew 
also  that  two  at  least  of  the  opposite  sides  of  ABCD  must  be 
equal,  and  that  the  two  squares  upon  these  sides  are  together 
equal  to  the  sum  of  the  squares  upon  the  other  two. 

53.    Let  ABCD,  EFGH  be  parallelograms  on  the  equal 
'bases  BC,  FG,  and  between  the  same  parallels.     Let  BE, 
CH,  cut  DC  and  EF in  K  and  L.     Then  if  the  points  A,  K, 
L,  G,  be  in  a  straight  line  the  parallelograms  must  be  equi- 
angular and 

BF.FG^BG.GF, 

^ft  54.    ABC  is  an  equilateral  triangle.     Produce  AB  to  D 
^md  make  BD  equal  to  AB.     With  centre  D  and  radius  D  C 
describe  a  circle.     Then  if  any  point  E  be  taken  in  the  cir- 
cumference and  joined  with  A  and  B,  prove  that 

AB''  +  AE^=^2BE'. 

55.  If  the  chord,  or  the  chord  produced,  of  one  circle  be 
a  tangent  to  another,  and  perpendiculars  be  drawn  from  its 
extremities  to  the  line  passing  through  the  centers ;  then  the 
difference  of  the  squares  of  the  segments  of  the  chord  is  equal 
to  twice  the  rectangle  contained  by  the  line  between  the  feet 
of  the  perpendiculars  and  the  distance  between  the  centers. 


PROBLEMS. 


CONIC  SECTIONS. 


Parabola. 

1.  If  ^^be  the  abscissa  of  P,  shew  that 

PY'^AKPS. 

Shew  also  that  if  YK  be  the  perpendicular  dropt  from  Y 
on  SPy  then 

PN=2.YK, 

2.  If  P  be  a  point  in  a  parabola,  and  a  circle  be  described 
touching  the  axis  of  the  parabola  and  the  focal  distance  8P  in 
P;  then  the  portion  of  the  diameter  through  P  which  is  cut 
oflf  by  this  circle  is  equal  to  the  latus-rectum. 

3.  AP  is  a  parabola,  PD  parallel  to  the  axis  meets  the 
directrix  in  D,  PT  the  tangent  meets  the  axis  in  T,  shew  that 
SD  bisects  PT. 

4.  If  the  normal  at  P  meets  the  axis  in  G,  and  the 
ordinate  at  G  meets  the  parabola  in  Q  and  AP  produced  in  P, 
then 

QG^^PKRG, 

5.  A  circle  has  its  center  in  the  vertex  ^  of  a  parabola 
whose  focus  is  S,  the  diameter  of  the  circle  is  ZA8y  shew  that 
the  common  chord  bisects  AS, 

6.  PM  is  an  ordinate  of  a  point  P  in  a  parabola,  QR  is 
a  diameter  bisecting  Pif  and  cutting  the  curve  in  Q,  MQ  cuts 
the  tangent  at  the  vertex  A  in  T,  shew  that 

AT=^IPM. 

7.  Shew  that  in  the  parabola 

Bin'PTScc  i=; 
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8.  If  in  the  parabola,  the  perpendicular  drawn  from  one 
extremity  Q  of  an  ordinate  meets  FV  the  diameter  to  that 
ordinate  in  Z),  then 

BV=^AN,FV. 

9.  If  a  circle  be  described  touching  a  parabola  in  the 
point  P  and  its  axis  in  the  focus,  then  the  normal  at  P  will 
make  with  the  axis  an  angle  equal  to  J  a  right  angle. 

10.  A  circle  is  described  touching  the  axis  of  a  parabola 
at  the  point  where  it  meets  the  directrix,  and  a  line  perpen- 
dicular to  the  axis  touching  the  circle  in  P,  meets  the  parabola 
in  P  and  §,  and  the  axis  in  N\  shew  that 

t8N^=PR.QR. 
11.    A  normal  is  drawn  to  a  parabola  at  a  point  whose 
ordinates  are  each  equal  to  the  latus  rectum,  shew  that  it 
meets  the  parabola  at  a  point  whose  distance  from  the  axis  is 
three  times  the  half  latus  rectum. 

12.  Through  any  point  P  of  a  parabola  a  straight  line 
QPQ'  is  drawn  parallel  to  the  latus  rectum  and  terminated  by 
the  tangents  at  its  extremities,  and  PR  is  drawn  perpendicular 
to  the  latus  rectum  produced  if  necessary ;  shew  that 

pp^=  Qppq, 

13.  If  the  normal  PG  at  a  point  P  of  a  parabola  meet  the 
directrix  in  F,  shew  that  PPcc  PS^j  and  if  the  perpendicular 
from  S  meets  the  normal  in  K,  then 

FK,A8=^SY.AG, 

14.  If  in  the  parabola  the  tangents  at  the  extremities  of 
the  focal  chord  PSp  meet  the  tangent  at  the  vertex  in  the 
points  Y,  Zj  shew  that 

YZ'^A8,Fp. 

15.  PTis  a  tangent  to  a  parabola  at  P,  SATh&m^  the 
axis.  On  AT,  as  diameter,  a  circle  is  described,  and  with 
center  8,  a  circle  touching  PP,  the  two  circles  intersect  at 
right  angles. 
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16.  The  focus  of  a  parabola  is  given,  and  a  circle,  whose 
center  is  in  the  axis  of  the  parabola,  give  a  geometrical  con- 
struction for  the  parabola  touching  the  circle. 

17.  Shew  that  any  parabola  may  be  cut  from  any  cone. 

18.  In  the  parabola,  if  PSp  be  a  focal  chord, 

SP'^Pp.AN, 

19.  A  parabola,  whose  focus  is  given,  touches  two  perpen- 
dicular straight  lines :  give  a  geometrical  construction  for  the 
axis  and  vertex. 

20.  Shew  that  if  a  pair  of  tangents  from  a  point  Q  meet 
the  tangent  at  the  vertex  in  Fand  F,  then  /ST,  SY'  will  be 
tangents  to  a  parabola  having  Q  for  its  focus  and  YY'  for  the 
tangent  at  the  vertex. 

21.  If  rhombi,  having  one  corner  common  to  all,  and  an 
adjacent  side  given  in  position,  be  described  in  such  a  manner 
that  the  intersections  of  their  diagonals  are  always  in  a  straight 
line  perpendicular  to  the  side  given  in  position,  then  the  locus 
of  one  of  the  other  angles  will  be  a  parabola. 

22.  A  circle  touches  a  parabola  at  the  extremities  of 
a  double  ordinate  PNp^  and  cuts  its  axis  in  M\  M.  Shew 
that  the  difference  of  the  ordinates  at  M\  M  and  their  sum 
are  respectively  equal  to  the  latus  rectum  and  to  the  diameter 
of  the  circle,  and  that  the  ordinate  PN  is  a  mean  proportional 
between  these  ordinates. 

23.  A  circle  is  described  on  the  latus  rectum  of  a  parabola 
as  diameter,  and  through  the  focus  is  drawn  a  straight  line 
meeting  the  circle  and  parabola  in  P,  Q  respectively,  shew 
that  the  tangents  at  P  and  Q  intersect  in  the  latus  rectum,  or 
else  in  a  line  parallel  to  it  at  a  distance  from  it  equal  to  the 
latus  rectum. 

24.  With  the  focus  /8^  of  a  parabola  as  centre,  circles  are 
described  touching  the  tangents  at  the  extremities  of  a  focal 
chord  Ppj  and  cutting  SP,  Sp  in  B,  h.  BE,  he  are  drawn 
parallel  to  the  normals  at  P,  p  to  meet  the  axis  in  E.  e. 
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Shew  that  the  square  described  on  AS  is  &  mean  proportional 
between  the  triangles  SBE,  She, 

Shew  also  that  if  from  G  the  foot  of  the  normal  a  perpen- 
dicular GL  be  drawn  on  SP,  the  triangle  PL  G  is  double  of 
the  triangle  SBEj  and  that  each  varies  as  the  ordinate  at  P. 

25.  Two  parabolas  have  a  common  vertex  A  and  axis ; 
an  ordinate  NPQ  meets  them  in  P  and  Q ;  a  tangent  at  P 
meets  the  other  parabola  in  Pj  P';  APj  AP'  meet  the 
ordinate  in  L,  M.  Prove  that  NPj  NQ  are  respectively- 
Harmonic  and  Geometric  means  between  NL  and  NM. 

^8(26.    In  a  parabola  ^  F  is  the  semi-ordinate  to  the  diameter 
^PVj  and  QF  is  perpendicular  to  the  ordinate  PP.     Join  QP 
and  VF,  then  the  triangles  PVFj  FQP  are  similar. 

27.  PSQ  is  a  focal  chord  of  a  parabola  whose  vertex  is  A. 
If  through  P  and  Q  lines  be  drawn  perpendicular  to  the  axis, 
and  meeting  A  Q^  AP  mp  and  q^  then 

Pp,Qq=^AS.PQ, 


Ellipse, 

1.  If  in  an  ellipse  the  circles  described  on  SY^  HZ  as 
diameters  cut  SPj  HP,  in  K  and  L  respectively,  then  KL  will 
be  parallel  to  the  major  axis. 

2.  If  any  number  of  ellipses  be  described  with  the  same 
minor  axis  and  be  cut  by  a  common  ordinate  to  that  axis,  the 
tangents  at  the  points  where  the  common  ordinate  cuts  the 
curve  wiU  all  pass  through  the  same  point. 

3.  PMj  PT  are  an  ordinate  and  tangent  at  P  in  an  ellipse, 
shew  that  the  circles  whose  diameters  are  MT  and  the  major 
axis  intersect  at  right  angles. 
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4.  If  the  tangent  at  the  extremity  of  the  latus  rectum 
meets  the  major  and  minor  axes  in  T  and  t^  and  a  circle  be 
described  about  the  triangle  8Ttj  then  the  circle  will  touch 
the  minor  axis  in  t. 

5.  If  the  tangent  at  F  meets  the  axis  major  in  T,  then 

TY.  TZ-PY.PZ=Pr, 

6.  If  the  base  of  a  semicircle  be  divided  into  any  two 
parts,  and  semicircles  be  described  on  them,  the  area  included 
between  the  three  circumferences  is  equal  to  an  ellipse,  whose 
axes  are  the  segments  of  the  said  base.  Find  also  the  pro- 
portion it  bears  to  the  circles  described  on  the  said  segments. 

7.  If  from  B  the  extremity  of  the  minor  axis  of  an  ellipse 
two  straight  lines  BK^  BL,  be  drawn  parallel  to  (7P,  CD^  two 
semiconjugate  diameters,  and  meeting  the  major  axis  in  KL^ 
then 

CK,GL=CA\ 

8.  If  through  the  foot  G  of  the  normal  at  any  point  of  an 
ellipse  GUhe  drawn  parallel  to  the  tangent  at  F,  to  meet  the 
focal  distance  in  Uj  then  FU  is  an  harmonic  mean  between 
the  focal  distances. 

9.  If  the  ordinate  at  F  meet  the  auxiliary  circle  in  Q, 
and  the  tangent  to  the  circle  at  Q  meet  the  axis  minor  pro- 
duced in  Bj  then 

BCFN^ACBO. 

10.  If  in  an  ellipse  p^,  p^  be  the  radii  of  the  circles  touch- 
mg  the  sides  SFj  HF  respectively,  and  the  other  two  sides 
produced  of  the  triangle  SFH,  and  p^  the  radius  of  the  other 
escribed  circle,  shew  that 


••Pi      PJ  Ps 

11.    Prove  that 

^^SPH    BC 

cos = • 

2        DC 
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12.  CPj  CD  are  semiconjugate  diameters  to  an  ellipse ; 
circles  are  described  with  a  center  C  and  radii  CP,  GDj  cutting 
the  axes  Aa,  Bh  in  Q,  R  respectively,  shew  that  the  rectangle 
AQ,  aQ  is  equal  to  the  rectangle  BRj  bB. 

13.  Two  equal  and  concentric  ellipses  have  their  major 
axes  at  right  angles  to  each  other.  If  A^  be  the  area  of  the 
circle  passing  through  the  points  of  intersection  of  the  ellipses, 
and  A^  that  of  the  circle  passing  through  their  foci,  prove  that 

X     ,/AC'     BC\ 


A~^\BC'    AC')' 

m 


14.  Let  the  auxiliary  circle  to  an  ellipse  meet  the  minor 
axis  produced  in  K.  Join  KT  and  let  it  meet  an  ordinate 
QPN  to  the  ellipse  and  circle  in  R.     Then 

BN:PN::QN:BC 

15.  The  ordinates  at  P  and  D  meet  the  auxiliary  circle 
in  K  and  L.  Shew  that  the  perpendiculars  dropped  from 
P  and  1)  on  CK,  CL  respectively,  are  equal. 

16.  Through  P  and  D  the  extremities  of  two  semicon- 
jugate diameters  in  an  ellipse,  PK,  DL  are  drawn  parallel  to 
the  axis  major  meeting  CD  and  CP  in  K  and  L ;  shew  that 

1  1  1 


+ 


PK^  '  DU    AC 

17.  A  circle  is  described  on  the  minor  axis  of  an  ellipse, 
CD  J  CP  are  half-conjugate  diameters ;  shew  that  the  tangent 
DU  to  the  circle  is  parallel  to  8P. 

18.  In  an  ellipse  the  tangents  at  P  and  D  meet  CA  and 
CB  produced  in  points  T  and  K  respectively,  prove  that  TK 
is  parallel  to  AB. 

19.  TP  is  a  tangent  at  P  in  an  ellipse  and  meets  the 
major  axis  in  T,  a  circle  described  round  SPH  cuts  TP'm  tj 
shew  that 

CD'^  TP.tP. 
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20.  The  focal  distance  SF  of  a  point  in  an  ellipse  is  pro- 
duced to  Q  until  QPis  equal  to  the  semi-major  axis,  BCD' 
is  the  diameter  conjugate  to  CP.  Prove  that  the  triangle 
QDD'  is  to  the  area  of  the  ellipse  as  2  :  tt. 

21.  The  normals  at  Pand  i>,  the  extremities  of  the  con- 
jugate axes  of  an  ellipse,  intersect  the  major  and  minor  axes 
'in  Gj  Kj  G'j  K.  Prove  that  the  triangle  CGK=  the  triangle 
CG'K\ 

22.  With  foci  8,  H  of  an  ellipse  as  centers,  circles  are 
described  touching  the  tangent  at  any  point  P  of  the  ellipse 
and  cutting  SP,  HP  in  D,  S;  DE^  de  parallel  to  the  normal 
at  Pmeet  the  major  axis  in  E,  e.  Prove  that  DE=  de  =  semi- 
latus  rectum,  and  that  SE.He  is  invariable. 

23.  If  Sj  H  be  the  foci  of  an  ellipse,  P  any  point  in  it, 
and  a  circle  described  about  the  triangle  8PH  meet  the  minor 
axis  in  t^  g^  shew  that  Pt^  Pg  are  respectively  tangent  and 
normal  at  P;  and  if  Pf,  Pg  meet  the  major  axis  in  P,  G,  shew 
that 

PT.Pt=PG.Pg  =  SPHP. 

24.  The  tangent  at  a  point  P  in  an  ellipse  meets  the  axes 
in  T  and  t.     Join  St,     Then  the  angle  PSt  =  angle  STP. 

25.  Two  similar  ellipses  have  their  axes  parallel,  and  the 
center  of  one  is  in  the  circumference  of  the  second,  shew, 
without  analysis,  that  the  common  chord  is  parallel  to  the 
tangent  to  the  second  at  the  center  of  the  first. 

26.  If  in  an  ellipse,  P  and  D  be  the  extremities  of  any 

two  semi-conjugate  diameters,  and  B  that  of  the  minor  axis, 

then 

^    ,SPH  ^  ^    ,SDH    ^    ,SBH 
tan''—- — h  tan^  — — -  =  tan 


27.    In  an  ellipse,  let  the  tangents  at  any  points  P  and  Q 
meet  in  P,  and  let  ST  and  HT  cut  PQ  in  K  and  L. 
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28.  Through  any  point  P  of  an  ellipse  lines  are  drawn 
])arallel  to  equal  conjugate  diameters  to  meet  the  major  axis 
in  Kj  L,  and  the  minor  axis  in  i?,  V.     Shew  that 

29.  Given  the  foci  and  major  axis  of  an  ellipse,  obtain 
bj  a  geometrical  construction  the  points  in  which  the  ellipse 
meets  a  given  straight  line  drawn  through  one  of  the  foci. 


Hyperbola, 

1.  The  tangent  at  any  point  P  of  a  rectangular  hyperbola 
meets  the  asymptotes  in  Q  and  R.  If  G  be  the  foot  of  the 
normal  at  P,  shew  that  P  is  the  centre  of  the  circle  circum- 
scribing the  quadrilateral  CQGE, 

2.  If  through  the  vertex  of  an  hyperbola,  a  line  be  drawn 
perpendicular  to  one  asymptote  and  meeting  the  other  in  Q 
and  the  curve  in  P,  the  difference  between  the  abscissae  of  the 
points  P  and  Q  is  equal  to  the  semi-latus  rectum. 

3.  From  G^  the  foot  of  the  normal,  at  any  point  P  of 
a  rectangular  hyperbola,  GE  is  drawn  perpendicular  to  CP 
produced.  Prove  that  PE  is  equal  to  the  perpendicular  from 
P  on  the  semi-conjugate  diameter  CD. 

4.  In  the  rectangular  hyperbola,  the  perpendiculars  drawn 
from  the  foci  on  the  tangent  at  the  extremity  of  the  latus 
rectum  are  to  one  another  as 

3:1. 

5.  If  the  ordinate  at  any  point  P  in  a  rectangular  hyper- 
bola whose  center  is  G  meet  the  asymptote  in  Qj  then  GQ  is 
an  arithmetic  mean  between  SP  and  HP, 

6.  Let  H  and  S  be  the  foci  of  an  hyperbola,  P  a  point  in 
the  curve,  and  K  the  point  of  intersection  of  the  tangents  at 
A  and  P.  If  now  H  and  P  be  made  the  foci  of  another  hy- 
perbola which  passes  through  S,  then  will  SK  be  a  tan- 
gent to  it ;  and  the  foot  of  a  perpendicular  from  K  upon  HP 
will  give  its  vertex. 


16  PROBLEMS. 


ALGEBEA. 
1.    Prove  that 

•    ^^     ah    [a     b)       be    [c     bj       ac    [a     c) 

,„.  g'^  +  y  +  C^  +  tf        _       1  1 


(4) 


{ab-cdY  +  {ad-\-bcf     a'  +  c^  '  5'  +  ^ 

Jc  ac 

a  (a'  -  W)  [a^  -  c')  '^  b{b' -  a')  [b'  -  c')    . 

ab 


^c{c'-b')[c'-a')~abc 
2.    Reduce  to  their  lowest  terms : 


ab{a^+f)+xy[a'  +  b') 
*  ^  ^   ab{ot^-f)+xi/{a'-b') 

"    ^^    xf'e'^'-\-2+yx-V-^ 
3.    Prove  that 


1)+ 


1 


w(-i: 


:-^^-^^)(if' 
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.    (^Vb^        _  (    2a     _     2b    \_      bob 
'     ^^^   a'-b""     ^'\2a-b     2b-a)~2{a'-bi 

.     (3)   n.[n-l){n-2)-j>{p-l]{p-2) 

~  (^  ~P)  {(^  +2^  ~  1)  (^  +i^  -  2)  —  np], 

4.  If  a  :  5  ::  i  :  c  ::  c  :  c?,  shew  that, 
r  (1)    (&  +  c)(5  +  6?)  =  (c  +  a)(c  +  J). 

.    (2)    {a  +  d){b  +  c)-{a  +  c)[b  +  d)  =  [b-c)\ 

5.  If  a  :  5  : :  c  :  J  : :  e  :/,  then 

,  «    « (a  +  wc)  +  Tiec  _  a'^ 
^  ^   b{b  +  7nd)+nfd'~W 

6.  If  a  :  J  : :  J  :  c  : :  c  :  <^  : :  <^  :  e  &c., 

then  b{a-b)  +  d{c-d)-\-&c.  :  b{b-c) +d{d-e)  +  &c.::  a  :  b. 

7.  If  the  ratio  oi  a  +  x  :  a  —  x  equals  the  duplicate  ratio 
of  a  +  J  :  a  — by  then 

x  —  b  :  a  —  x  ::  b{a  +  b)  :  a  (a  — J). 

8.  If  a?  be  to  ?/  in  the  duplicate  ratio  of  m  to  w,  and  mton 
in  the  subduplicate  ratio  of^^  +  a?^  to  p'^—y^j  shew  that 

p^  :  XT/  ::  x+y  :  x  —  y. 

9.  Solve  the  following  equations : 
(4)   £c'  +  8  =  2aj'4-llaj  +  14. 

(2)   £c*  +  :^-2V(a^'-2)=yS'^l 
.  (3)    [x^l){x-^^)  +  [x  +  2y=x'[x  +  if-^. 
(4)   2V(l-^')  +  \/(l+^)  +  \/(l-^)  =  .'r-f.     - 
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y 


V 


(5) 


X      5 
xy     X      3  * 


(6)   ^^_/^15l 

y        £C         2' 

^     a?     2* 


(7)   V(«"+a^)  +  V(2/'+^'')  =  V{(a!  +  Jr+(y  +  a) 


(-3(-i) 


1+^=4. 

y 


(8)   a;  +  2/  +  s  =  7, 
a;'+y+z'=21.  , 


(?). 


V^3/ 


V  a?~ 


34, 


x-y  = 


X 

12. 


(10)  x^y-y''x  +  '20[x^+y'')  =  0, 
y'^  —  20x^—xy. 


(11)     ga; 


(12)  8/-9/+16^?/'+8aj'=0, 
2^-5?/ +  207.  =0. 

(13)  2aV^  +  \/(^  +  \/^)  =  «^(«^-l)- 

(^^)   ^''-[^x-ly)-V j^l[2y-lx)  =  ^^[x^^-xy+f), 

2ic-15y  =  221. 

10.  ^  and  ^  walk  over  the  same  ground  going  out  one 
way  and  coming  home  the  other,  but  they  start  in  opposite 
directions.  A  walks  3f  miles  per  hour  and  B  walks  4  miles 
per  hour.  A  wants  :J  of  a  mile  of  being  half-way  when  he 
meets  B.     Eequired  the  length  of  the  walk. 

11.  There  are  two  purses  of  which  the  first  contains  three 
times   as  many   half-crowns   as   the  other  crowns,   and  the 
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sum  in  the  first  is  as  much  over  £10  as  thatjn  the  other  is 
under  it. 

Find  the  sum  in  each. 

12.  A  clock  gains  3 J  minutes  in  15  seconds  under  the       ./ 
twenty-four  hours.      At  noon  it  is  2  minutes  too  slow,  when      f^ 
will  it  indicate  the  correct  time  ? 

13.  A  ship  40  miles  from  the  shore  springs  a  leak  which 
admits  3}  tons  of  water  in  12  minutes.  60  tons  would  suffice 
to  sink  her,  but  the  ship's  pumps  can  throw  out  12  tons  of 
water  in  an  hour.  Find  the  average  rate  of  sailing  that  she 
may  reach  the  shore  just  as  she  begins  to  sink. 

14.  In  the  examinations  for  appointments  to  tke  Indian 
Civil  Service  there  are  given  ,for  English  literature  1500 
marks,  for  Classical  literature  1500,  for  Modem  Languages 
11?5,  for  Mathematics  1000,  for  Natural  Sciences  500,  for 
Moral  Sciences  500,  for  Eastern  Languages  750. 

Two  candidates  compete,  whose  proficiences  in  these 
several  branches  are  as  the  numbers  2,  3,  1,  3,  2.5,  3,  1,  and 
1.5,  2.5,  3,  3,  4,  3,  0,  respectively.     Which  will  stand  first? 

15.  ^  is  twice,  and  B  just  one  and  a-half  times  as  good 
a  workman  as  C.  The  three  work  together  for  two  days,  and 
then  A  works  on  alone  for  half  a  day.  How  long  would 
it  have  taken  A  and  C  together  to  complete  as  much  as  the 
three  will  have  thus  performed  ? 

16.  Two  men  A  and  B  agree  to  perform  two  equal  pieces 
of  work.  A  begins  one  piece  and  B  the  other,  and  after 
working  for  p  days  they  change  pieces.  A  finishes  his  piece 
in  q  days  and  then  returns,  and  helps  B,  and  after  working 
together  for  r  days  they  finish  his  piece.  How  long  would 
each  be  in  doing  either  piece  ? 

If  A  is  twice  as  good  a  workman  as  B,  shew  that  q  —p  +  3r. 

17.  At  noon  on  a  certain  day  two  watches  indicate,  the 
first  true  time,  the  second  ten  minutes  past  One.  The  first 
having  been  stopped  for  four  hours  in  the  interval,  at  noon 
next  day  points  to  the  same  time  as  the  second,  which  loses  one 
hour  in  twenty-four.     Find  the  rate  of  gain  of  the  first  watch. 

C2 
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18.  If  the  ratio  of  the  roots  of  the  equation 

be  equal  to  that  of  the  roots  of 

x^-\-PiX  +  q^  =  0, 

then  /.^i=i?i'-^- 

19.  Solve  the  equation  x^  [ax  -\-h)-{a  +  hx)  =  0,  and   if 
s  be  the  sum,  and  p  the  product  of  the  roots,  shew  that 

as  —  bj>  =  0. 
V         20.    If  a,  bj  Cj  d  be  in  geometric  progression,  then  will 

[a-dY={h-cY-\-{c-aY^[d-l)\ 

Shew  also  that  if  a^  /S^,  ^nd  ^  be  in  arithmetic  progres- 
sion, then  will 

and 


^  +  y    7  +  a'  0"+^ 

be  in  arithmetic  progression. 

21.  If  a,  J,  c,  be  in  harmonic  progression,  then  the  har- 
monic mean  between  a  and  5,  Z>,  and  the  harmonic  mean 
between  h  and  c,  will  also  be  in  harmonic  progression. 

22.  If  8  be  the  sum  of  the  squares,  and  &  the  square  of 
the  sum  of  a  decreasing  geometrical  progression  continued  to 
infinity,  r  being  the  common  ratio,  prove  that 

%  +  l)+/S^'(/--l)  =  0. 

23.  If  there  be  two  arithmetical  progressions  such  that  any 
two  given  terms  in  the  one  are  proportional  to  two  similarly 
situated  terms  in  the  other,  shew  that  this  will  be  always  the^ 
case. 

24.  If  {ah  +  ^>c  +  2«c)  {ac  -  he)  =  a%^-  5V,  then  a,  I,  c,  are 
in  harmonic  progression. 

25.  If  a,  5,  c,  be  in  arithmetic,  and  a,  J,  c?,  in  harmonic 
progression,  prove  that 

d  ah 


t 
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26.  If  a,  b,  and  c,  be  in  harmonic  progression,  shew  that 

h'{a-cY=2{<''(b-ay-{-a'{c-bY]. 

27.  Prove  that 

2 

28.  Shew  that  if    ,   ,.     2_r2\  <  Ij  «  must  be  <  &  (1  +  ^/3). 

29.  Shew  that  if  A^^  H^  be  the  arithmetic  and  harmonic 
means  between  two  quantities,  and  A^,  H^  those  between  any 
two  others,  then 

A^H,+A^H^>2H^H^. 

30.  If  ad— be  J  shew  that 

{[a-\-c)^+[b^dY]. 

o-i      Ti"    «^  — i         &  — c         c  — a  a-\-b-{-G       ^,  , 

31.  It  -y-  =  ^^ — ; —  =  — ; =  — —7 — , —  ;  thcn  each 

ay-\-ox     oz  +  cz     cy  +  az     ax+oy+cz 

of  these  fractions  will  equal 

1__ 

x+y-\-z' 

32.  On  a  railway  there  are  20  stations,  find  the  number 
of  tickets  required  in  order  that  a  person  may  travel  from  any 
one  station  to  any  other. 

•  33.  A  pack  of  cards  is  dealt  into  four  heaps.  How  many 
different  hands  of  four  may  be  made  by  taking  one  out  of 
each  heap  ? 

•  34.  There  are  ten  soldiers  and  eight  sailors.  How  many 
different  parties  of  six  can  be  made,  each  party  consisting 
of  three  soldiers  and  three  sailors  ? 

35.  Five  four-oars  have  to  be  made  up,  the  number  of 
men  is  exact,  but  five  of  them  can  only  steer.  In  how  many 
ways  can  the  crews  be  chosen  ? 

•  36.  A  train  consists  of  12  carriages,  of  which  5  are  first 
class,    4   second,  and  the  rest  third   class.     In   how  many 


V 


x/ 


\/ 
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different  ways  may  the  carriages  be  arranged  ?  In  how  many 
different  ways  may  they  be  arranged  so  that  all  the  first  class 
may  be  together  ? 

37.  li  p.^,  Psr"Pn  represent  the  number  of  permutations 
that  can  be  formed  out  otn  quantities,  taken  2,  d,...n  together 
respectively,  and  P=i?2,i?8...i?n)  shew  that 

38.  If  r  be  the  number  of  things  which  must  be  taken  out 
of  a  ffiven  even  number  n  in  order  that  the  number  of  com- 
binations formed  by  them  may  be  the  greatest  possible,,  prove 
that  the  number  of  combinations  r  together  :  the  number  of 
permutations  of  r  things  all  together 

3n 

:: 2M.3.5....(n-l):  (2.4.6. ..w)'. 

39.  If  ^  be  expanded  in  series  ascending  by  powers 

C  ~T"  CLCC 

of  [l—x)  and  (l+a?),  and  A  and  B  be  the  coefficients  of 
{l—xY  and  (l-{-xY  respectively ;  then 


B      -  Vc  +  a 

the  upper  or  lower  sign  being  taken  according  as  n  is  even 
or  odd. 

40.  The  intervals,  by  which  the  convergents  that  are 
greater  than  the  true  value  of  a  fraction  approach  that  value, 
are  given  at  any  period  by  dividing  the  "  quotient"  by  the 
product  of  the  denominators  of  the  corresponding  convergent 
and  the  greater  next  preceding  it.  And  similarly  for  the 
convergents  that  are  less  than  the  true  value. 

41.  In  the  scale  of  r,  the  square  of  a  number  consisting  of 
r  units  will  have  cyphers  in  the  r*^  and  (r  +  1)*^  places, 
reckoning  from  the  right  hand,  and  the  highest  digit  of  the 
scale  in  the  (r  —  1)*^  and  [r  +  2)*^  places. 

42.  Prove  that  the  sum  of  the  cubes  of  three  even  numbers; 
in  arithmetic  progression  is  divisible  by  24. 


ALGEBRA.  23 

43.  If  5  be  subtracted  from  the  sum  of  the  squares  of  any 
two  consecutive  numbers  each  prime  to  3,  the  remainder  will 
be  divisible  by  36. 

44.  If  p,  2',  and  r  be  three  consecutive  primes  to  3,  prove 
that 

^(p_2^)-r(7-2^)=±3, 

the  upper  or  lower  sign  being  taken  according  as  q^  exceeds  p 
by  2  or  1. 

45.  If  m  and  n  be  two  prime  numbers,  shew  that  the  sum 
of  all  the  numbers  less  th^n  ran  and  prime  to  it  is 

w/i.(m  — 1)  (w— 1) 

2  * 

46.  If  6  be  the  base  of  the  Napierian  system  of  logarithms 
and  X  be  small,  shew  that 

e^—e{\-\-x)^  nearly. 

47.  Find  x  and  y  from  the  equations 

gloga;_^logy^ 

48.  Shew  that 

logj„1234321  =  6  +  2Jf  (.1  +  '-^  +  :^+  &c.  -  .0001  -  &c.) 
where  M  is  the  modulus. 

49.  A  person  insures  his  life  for  £2000,  paying  an  annual 
premium  of  £22  I65.  Shew  that  if  he  should  live  39  years  it 
would  have  been  more  profitable  for  him  to  have  invested  the 
premium  annually  at  4  per  cent,  compound  interest. 

mant.  104  =  0170333, 
mant.  257  =  4099331, 
mant.    57  =  7558749. 

50.  Find  all  the  positive  integral  solutions  of  the  equations 

y[x-^)=x\ 
x  —  y-\-xy  —  ^. 
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51.  The  distance  between  two  poles  is  known  to  be 
between  300  and  600  yards,  and  a  person  when  measuiing  the 
distance  with  a  chain  40  yards  long  finds  there  are  14  yards 
over,  but  when  he  measures  it  with  a  chain  32  yards  long  he 
finds  there  are  6  yards  over.  Find  the  distance  between  the 
poles. 

52.  Four  boats  start  in  a  race,  their  respective  velocities, 
considered  uniform,  being  in  the  proportions  of  1,  1  +  r, 
H-3r,  l+'Sr;  where  r  is  less  than  1.  At  the  end  of  five 
minutes  a  bump  takes  place,  and  at  the  end  of  three  minutes 
more  another.  Shew  that  the  distance  between  the  boats  at 
starting  was  twice  the  length  of  one  of  them. 

53.  Eliminate  x,  y,  and  z^  fi-om  the  equations 

a  0       a  0 

3.  3. 
2  2 
X                           y 
i=a;+^  =  -^^ 

[azY  {uy} 

and  shew  that  if  ^  is  possible,  m  cannot  be  less  than  2^. 

54.  If  ""Or  be  the  coefficients  of  x""  in  the  expansion  of 
(1  +  xfj  and  "0/  that  of  x'  in  (1  -  x^^  prove  that 

n-\-r  \r 

n     •(r  +  l)(r4-2)...2r-  ^'  ^"^  ~      ^''' 

55.  Prove  that  if  w  be  a  positive  integer 

{l+xY{l+x'')>2''^'x\ 

56.  If/(ir)  =  e*-  1,  and  <l>{x)  =  e'-\- 1,  shew  that 
/W.logi[/{(^W}  +  <^.(0(a.))] 

=  <^W.logi[<^.{/W}+A^+/.(/(^))], 
where  e  is  the  base  of  the  Napierian  system  of  logarithms. 
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57.  Two  toothed  wheels  work  against  each  other.  Shew 
that,  if  the  number  of  the  teeth  in  one  be  prime  to  that  in 
the  other,  before  two  teeth  which  have  once  been  in  contact 
come  into  contact  again,  every  tooth  of  the  one  wheel  will 
have  been  in  contact  with  every  tooth  of  the  other. 

Find  also  the  least  number  of  revolutions  of  one  of  the 
wheels  when  there  is  one  pair  of  teeth  intervening  between  the 
two  first  in  contact. 

^  58.    A  bag  contains  black  and  white  balls.     If  one  ball 
be  drawn  and  laid  aside  and  then  a  second  drawn,  the  chance 
^f  the  second  being  white  is  the  same  as  the  chance  of  the 
^kt  being  so. 

^H  59.    If  three  dice  be  thrown,  what  is  the  chance  that  they 
H^l  all  turn  up  aces  ? 

P^*  60.  In  a  ballot-box  there  are  found  5  white  balls,  and 
2  black  ones.  What  is  the  probability  (1)  that  any  specified 
person  gave  a  black  ball ;  (2)  that  a  black  ball  was  given  by 
one  of  two  specified  persons  ? 

•  61.  A  boat's  crew  consists  of  eight  men,  three  of  whom 
can  row  only  on  one  side,  and  two  only  on  the  other.  Find 
the  number  of  ways  in  which  the  crew  can  be  arranged. 

62.  Six  cards  are  to  be  dealt,  viz.,  three  diamonds  and 
three  clubs,  two  of  a  suit  must  never  be  dealt  together,  shew 
that  there  are  72  ways  in  which  they  can  be  dealt  away. 
If  an  observer  watched  the  first  four  cards,  what  odds  ought 
he  to  give  or  take  that  the  remaining  cards  were  a  diamond 
and  club  ? 

*  63.  n  dice,  each  having  m  faces,  are  thrown  altogether  ; 
shew  that  the  number  of  different  throws  which  can  be  made  is 

m[m-\-\^..Am■\-n  —  ^\ 


1.2.3...?i 

64.  There  are  n  lines  in  a  plane,  no  two  of  which  are 
parallel,  and  no  three  pass  through  the  same  point. 

Their  points  of  intersection  are  joined.  Shew  that  the 
number  of  fresh  lines  thus  introduced  is 

|7?.(7i-l).(w-2).(w-3). 


} 
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65.  Two  boats  A  and  B  start  for  a  race  against  stream. 
Their  velocities  through  the  water  are  v  and  V.  The  velocity 
of  the  river  at  its  sides  is  r  and  in  midstream  nr.  A  is  next 
the  bank  at  starting,  and  ^  in  the  middle  of  the  river,  but  at 
a  distance  x  from  the  starting-place  there  is  a  bend  which 
puts  B  next  the  (other)  bank  and  A  in  midstream.  Suppose 
the  length  of  the  course  to  be  a ;  then  if  ^  wins  we  must  have 

a        { V—  V  -V  {n  —  \)r\  [y  —  r)  { V—  nr) 
^  ^  ir=l  'r{v'+V')-{n+l)n'(v+V)+  2nr'' 

66.  Assuming  that  if  a  be  prime  to  h,  each  of  the  quanti- 
ties a,  2a,  3a,  {b  —  l)a  when  divided  by  h,  will  leave  a  different 
positive  remainder;  shew  that  if  r  be  the  first  of  these  re- 
mainders and  q  the  least  integer  which  makes  qr  greater  than 
hf  then,  provided  {q  +  l)r  is  not  greater  than  2h,  the  above- 
named  remainders  will  occur  in  a  series  of  increasing  arith- 
metical progressions  whose  common  difference  is  r.  But  if 
{q-\-l)r\9,  greater  than  25,  then  the  remainders  will  occur  in 
a  series  of  decreasing  arithmetical  progressions  whose  common 
difference  is  Z>  —  r. 
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THEOEY  OF  EQUATIONS. 


1.    Form  the  rational  equation  two  of  whose  roots  are 
+  V3,  -l-\/3. 


ft 

V  2.  (1)  3  4-  V(—  1)  is  a  root  of  the  equation 
■  ic*-  Qx^  +  13ic'-  18x  +  30  =  0, 

P  (2)   \/3  -  1  is  a  root  of  the  equation  cc*+  2a3^-  5a3^-  6a;  +  6  =  0, 

(3)   1  +  V2  is  a  root  of  the  equation  x^-  lo^-V  15ic^-  7ic  -  6  =  0, 

find  all  the  other  roots. 

3.    Express  in  terms  of  the  coefficients  of  an  equation  the 
function  of  its  roots  a,  J,  ... 

a^     W     c?     c^     V     e 

X+-  +  -  +  -  +  -+T+... 

0      a       c      a      c      0 

4. ,  Shew  that  the  sum  of  the  cubes  of  the  roots  of  the 
equation 

x''+P^x''-'+:P^x^-'+P^x''-'+  ...  =  0 

5.    If  the  roots  of  the  equation 

a,-__p^a>»-+p^a"^_ ...  +  (_  \)y=  0 

be  real,  and^^, ^2,...  be  positive,  shew  that 
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6.  Diminish  by  unity  the  roots  of  the  equation 

2a;*-  17a;'+  5Sx'-  72a;  +  36  =  0, 
and  thence  solve  it. 

7.  Transform  to   an   equation    in   which    there    are    no 
fractional  coefficients 

3.    Solve  the  equations : 

(1)  ^^-^^^-^^^-^^+1  =  0. 

(2)  ex^  -  23aj'+  10a;'+  14a;'+  10a;''-  23a;  +  6  =  0. 

9.    If  a,  bj  c,  be  the  roots  of  the  equation  a;^+5'a;  +  r  =  0, 
^     form  the  equation  whose  roots  are 

1x1  .1 

ao-\ — 7,    OC  +  Y——J    ac-\- 


a  +  b^  b  +  &  a  +  c 

10.  Find  the  superior  and  inferior  limits  of  the  positive 
roots  of  the  equation 

a;'+  6a;'-  51a;*-  10a;'-  103a;  +  500  =  0, 

and  shew  that  there  cannot  be  more  than  five  real  roots. 

11.  Find  superior  and  inferior  limits  of  all  the  roots  of 
the  equations 

(1)  a;«+6a;'-7a;*+2a;'-8a;-10  =  0. 

(2)  a;'+ 7a;'- 103a;*- 5a;'- 156a;- 5  =  0. 

12.  Illustrate  geometrically  the  property  that  an  odd 
number  of  roots  ofy(a;)  =  0  lie  between  each  adjacent  two  of 
f{x)  =  0,  and  apply  the  property  to  shew  when  a;'  —  ^a;  +  r  =  0 

has  3  real  roots. 

Find  the  position  of  the  roots  of 

a;' -12a; +15  =  0. 
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13.  Find  the  number  of  real  roots  of  the  equation 

Sx^  -4:{p-\-q)x^  +  Qpqx^  -pY  =  ^• 

14.  Illustrate  Des  Cartes'  rule  of  signs,  by  discussing  the 
curve  whose  equation  is 

x'{f-ax)  +  ay  =  0. 

15.  The  equation 

cc*-4ic'+16ic-16  =  0. 

has  equal  roots ;  find  all  the  roots. 

II 

16.  Find  by  Newton's  method  of  divisors  the  integral 
roots  of  the  equations, 

(1)  x^-4:X^-20x^-\-95x-eO  =  0, 

(2)  x'-{-Sx^-    7£c'-49ic  +  56  =  0, 

(3)  x'-5x''+   3£c'+18^+16  =  0. 

17.  Proceed  according  to  Des  Cartes'  method  to  find  the 
roots  of 

ic*-6a;'-8x-3  =  0. 

18.  Apply  Sturm's  method  to  discover  the  position  of  the 
roots  of 

(1)  ic'-10ic  +  4  =  0. 

(2)  x'-4:x'-Sx  +  2S  =  0. 

19.  Shew  that  if  f[x)==0  has  two  roots  equal  and  of 
opposite  signs,  and  </)(x)  contain  the  even  powers,  x'sjr[x) 
the  odd  powers,  </>  (x)  and  ^fr  [x)  have  a  common  divisor,  which 
is  the  factor  containing  the  roots. 

20.  Prove  the  following  properties  of  the  curve  whose 
equation  is 

x"  -  Saxf  +  2ay^  =  0, 

by  the  theory  of  equations,  Oy  measured  upwards,  Ox  to  the 
right: 
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(1)  That  all  straight  lines  parallel  to  the  axis  of  x  and 
above  it  cut  the  curve  in  two  points  on  the  right  of  the  axis 
of  y,  or  in  none  and  those  below  it  cut  the  curve  in  two 
points,  one  on  each  side  of  the  axis  of  y. 

(2)  That  all  straight  lines  parallel  to  the  axis  of  y  and  to 
the  right  of  it  cut  the  curve  in  three  points,  one  below  and  two 
above  the  axis  of  x^  or  in  one  below  it ;  and  those  to  the  left 
of  it  cut  the  curve  in  one  point  below  the  axis  of  x, 

(3)  That  the  curve  extends  in  the  angle  xOy  to  distances 

3' 
a  and  -^  a  from  Oy  and  Ox  respectively. 

Trace  the  curve. 
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1  TEIGONOMETEY. 

B     1.    Shew  that  there  are  the  same  number  of  grades  in  the 
angle  of  an  octagon,  as  of  degrees  in  that  of  a  dodecagon. 

2.  A  well  is  100  feet  deep.  How  many  coils  of  rope  will 
be  required  to  reach  the  bottom,  the  roller  on  which  they  are 
wrapped  being  8  inches  in  diameter  ? 

3.  A  certain  coin  is  j^g*^  of  an  inch  thick  and  f  of  an  inch 
in  diameter.  Another  has  to  be  made  of  2^  times  the  value 
and  twice  as  thick.  What  will  be  its  size?  Shew  that 
a  cubic  inch  of  metal  will  make  18  J  such  coins  nearly. 

4.  Prove  that 
, .  s  cot^  cos^    _  cot^  —  COS-4 

^  cot^  +  cos^~  cot^cos^ 

(2)  (sin^  +  sec^)^+ (cos^  +  cosec^)^=  (1  +  sec^ .  cosec^)^ 

(3)  2  cosec  4:A  +  2cot4:A  =  cot  A  —  tanA. 

(4)  sin  (a  +  2  ^)  sin  a  -  sin  (^  +  2  a)  sin  6  =  sin'a  -  sin^^. 

5.  If  cot^  =  2tan^,   then  cos  (^-^)  =  3cos(^  +  J5). 

6.  Shew  that  if 
cos  [A  -  B)  =3  cos  [A  +  B),  then  sec  (^  +  5)  =  2  sec^  sec^. 

7.  If  sin 5^  —  sin 3^  =  tan 2^  —  tan^,  prove  that 
sin8^  =  4sin^. 

8.  Find,  the  values  oi  A  which  satisfy  the  equation 
tan2^  =  3tani4. 

If  sin  (^  -  a)  =  sin^  —  sin  a,  prove  that  6  =  2w7r,  or  Imir  +  a. 
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9.  Find  all  the  solutions  of 

1  —  cos^  =  2sin^^, 
and  reduce  them  under  one  formula. 

10.  Find  all  the  values  of  6  which  satisfy  the  equations 

(1)  cos  ^  + cos  3^  + cos  5^  =  0. 

(2)  sin^  =  tan^-tan2^. 

(3)  cot  ^  -  tan  ^  =  cos  ^  +  sin  6. 

(4)  sin 5^ -sin 3^  =  cos 6^  + cos 2^. 

(5)  cos6^-cos2^  =  sin2^sec4^. 

(6)  cos8^-cos5^  + cos  3^  =  1. 

(7)  sin^  +  sin2^-|-sin3^=l  +  cos^  +  cos2^. 

(8)  tan^tanw^=l. 

11.  Solve  the  equation 

tan  (cot  x)  =  cot  (tan  x). 

12.  Find  the  values  of  6  and  tan^  which  satisfy  the  con- 
dition that  tan  ^  =  tan  4^,  and  find  the  values  of  6  when 
2sinw^=l. 

13.  Find  tan  x  from  the  equation 

3  tan  a;  tan  3a?  +  1  =  0. 

14.  Find  x  from  the  equation 

-il-a?"  ,  ^     _i     2ic       47r 
COS    f^.+  tan    ^3^.  =  -3. 

15.  Find  x  and  y  from  the  equations 

sin  a?  =  tan  ^  sin  (^  +  ^), 

sin  [x-6)=  cos 3^  -  cos  {y-\-26)  —  l. 

16.  Prove  that 

(1)  tan(^-^).tan(5-0).tan((7-^)  =  tan(^-j5)i 
+  tan(j5-(7)+tan(C--^). 
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(2)   tan"' (cos2^)  =  i. tan-'{i(cof ^ - tan'^)), 
and  shew  that  if  J. +^+  (7=  180,  then  will 

sinM  +  sin'^^^-  sin^  C=  2  (coSu4  sinJ5  sin  (7+  cos^B  sinu4  sin  C 

+  cos  (7sin^  sin^). 


.y   17.    Eliminate  <f)  and  6  from  the  equations 

acos<^  +  5cos^  =  c, 
o  sin  </)  —  &  sin  ^  =  dj 


2  sm  ■^———  =  cos  -. 


18.  If  sin^ .  sin5  =  sin  (P+  Q) ,  sinP, 
cos^ .  cos-5  =  cos  (P+  Q) .  cosP, 

and  (cos^)'+  (co^Bf-  (cos  (P+  (3+^)}'=  1 ; 
then  {sin(P+  Q)Y+  (sinP)^=  {sin(P+  Q+B)}'. 

19.  Having  given  that 

1  +  cos  (a  —  /8)  4-  cos  {^  —  y)+  cos  (7  —  a)  =  0, 
shew  that  a-^/3,  13  ^^y,  or  7-*- a  is  equal  to  an  odd  multiple 

of  TT. 

20.  If  «V2 . sin  t  =  sin  (^  + 1]  and  sind.  =  ""^""^l, 

2  V4      2/  ^     sm(a  +  p)^ 

then  tan  ^  =  ( —  1 )  tan  a. 

21.  If  1  +  cos  <^  cos '\|r=  sin<^  sin -^Ir  cosec^,  then  will  each 
member  of  the  equation  =  +  (co8<j>  +  cosi|r)  sec^. 

22.  Eliminate  (f>  from  the  equations 

£c  cos  (<^  +  a)  +  3/ sin  ((^  +  a)  =   asin2<^, 
?/ cos  (</>  4- a)  —  a?  sin  (<^  +  a)  =  2acos  2<^, 
shewing  that 

{x  sin  a  —  ?/  cos  a)'  4-  (y  sin  a  +  a;  cos  a)'  =  (2a)^ 

D 
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23.  ABj  BD  are  two  radii  of  a  circle  at  right  angles  to 
each  other.  Produce  BD  to  (7,  and  make  BG  equal  to  the  arc 
AD.  Join  A  G  cutting  the  circumference  in  E.  Then  the 
area  ED  G=  area  of  the  segment  AE. 

24.  If  the  arcs  of  two  circles  radii  r,  r  cut  each  other  at 
an  angle  0,  then  the  included  area 

V  '  r  +  rcos^ 

25.  If  d  be  the  perpendicular  dropt  from  the  angle  G  on 

c  d 
the  opposite  side  of  a  triangle,  shew  that  sin  (7=-^. 

Deduce  the  formula 

sin  {A-\-B)  =  sin^ .  cos^  +  cos^ .  sin^. 

26.  Shew  that  in  a  triangle  ABG  if  (7  be  a  right  angle, 

(1)  ahc  =  ct .  cos^  -f  W .  cos^, 

(2)  tan-i-A_4.tan-^^_=:^. 

27.  Prove  that  in  any  triangle 

(I)     C0t^-C0t^  = J—      -r—T.. 

^  '  ah      smC 


»  ^^='-J 


sm- 


f^.  ^.  .    A    .    B    .    G  f  a^  ¥ 

(3)  thearea  =  8m-.sm-.sm-  -^— .+  -T--S  + 


2  2  2  Vsin^     sin^     sin(7y 

28.    A  pole  is  fixed  on  the  top  of  a  mound  and  the  angh 
of  elevation  of  the  top  and  bottom  of  the  pole  are  60°  and  30' 
shew  that  the  length  of  the  pole  is  twice  the  height  of  th( 
mound. 
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29.  A  person  at  a  distance  (a)  from  a  tower  which  stands 
on  a  horizontal  plane,  observes  tliat  the  angle  of  elevation  (a) 
of  its  highest  point  is  the  complement  of  that  of  a  flag-staff  on 

/,  the  top  of  it.     Shew  that  the  length  of  the  flag-staff  is 

II  2a.  cot  2a. 

If  the  distance  of  the  person  from  the  tower  is  unknown, 
and  if,  when  he  recedes  a  distance  (c),  the  angle  of  elevation 
of  the  tower  is  half  of  what  it  was  before,  shew  that  the 
length  of  the  flag-staff  is 

c.coseca.cos2a. 

30.  Two  spectators,  at  two  given  stations,  observe,  at  the 
same  time,  the  altitude  of  a  kite,  and  find  it  to  subtend  the 
same  angle  a  at  each  place.  The  angle  which  the  line  joining 
one  station  and  the  kite  subtends  at  the  other  station  is  yS,  and 

j    the  distance   between  the  two  stations  is  known;  find  the 
I    height  of  the  kite. 

W  31.  Two  towers  stand  on  a  horizontal  plane,  and  their 
distance  is  120  feet.  A  person  standing  successively  at  their 
bases  observes  that  the  angular  elevation  of  one  is  double 
of  that  of  the  other  ;  but  when  he  is  half-way  between  them 
their  elevations  appear  complementary  to  each  other.  Shew 
that  the  heights  of  the  towers  are  90  and  40  feet  respectively. 

32.  A  person  observes  the  angular  elevation  of  a  balloon 
due  east  of  him  to  be  45°.  He  then  travels  in  a  north-easterly 
direction,  while  the  balloon  moves  southward  until  it  is  due 
south  of  him,  when  its  angular  elevation  appears  half  what  it 
was  before.  Shew  that  he  and  the  balloon  have  passed  over 
equal  distances. 

33.  A  church  consists  of  a  nave  having  a  tower  capped 
with  a  spire  as  its  western  extremity.  The  length  of  the 
nave  is  100  feet  and  the  tower  stands  on  a  square  base  of 
30  feet.  At  a  distance  of  85  feet  from  the  east  end,  the  top  of 
the  spire  can  be  just  seen  over  the  gable  of  the  roof  at  an 
elevation  of  tan~^^-,  while  at  a  distance  of  22  J  ft.  to  the  west 
of  the  tower  the  observer  finds  himself  in  the  plane  of  a  face  of 
the  spire. 

Obtain  the  heights  of  the  tower,  spire^  and  gable. 

D2 

I 
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34.  If  in  the  "  ambiguous  case"  c,  c  be  the  two  values  of 
the  third  side,  and  the  given  angle  be  45°,  shew  that  the  angle 
between  the  two  positions  of  the  side  opposite  is 

_i    2cc' 
cos    j^,.  I 

35.  Find  the  angle  of  the  sector  in  which  the  chord  of 
the  arc  is  three  times  the  radius  of  the  circle  inscribed  in  the 
sector. 

36.  Shew  that  the  square  described  round  a  circle  is 
equal  to  |  of  the  inscribed  duodecagon. 

37.  If  the  side  AB  of  an  equilateral  triangle  ABC  be  pro- 
duced to  Z>,  so  that  BD  =  AB,  and  CD  be  joined,  shew  that 
the  radii  of  the  circles  circumscribed  about  and  inscribed  in 

the  triangle  BCD  are  AB  and  Ab(^/S  -  ^ 


38.  Shew  that  if  two  triangles  whose  semiperimeters  are 
S,  8'  have  equal  escribed  circles  on  the  sides  a,  a,  then  the 
ratio  of  the  radii  of  their  inscribed  circles  is  as 

'  S-a      S'-a 
S     ''      &    ' 

39.  ABC  is  a  triangle,  BD  bisects  the  angle  B,  CD  bisects 
the  side  AB,  prove  that 

ADAB^  ADBC^  ADCA  ^/\ABC 
G  a  a  2a-\-c' 

40.  In  the  hypothenuse  AB  of  a  right-angled  triangle 
ABC  two  points  D,  E,  are  taken,  such  that  AE=AC, 
BD=^BC.  ' 

Shew  that  if  CE  and  CD  are  joined, 

CB':  CE'::b  +  c:a-\-c. 

41.  A,  B  are  two  inaccessible  points  on  a  horizontal 
plane,  and  C,  D  are  two  stations  at  each  of  which  AB  is 
observed  to  subtend  the  angle  30°,  AD  subtends  at  (7,  19°  15' 

and  AC  at  D J  40°  45',  shew  that  AB  =  ^, 


V3 


1 
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42.  Shew  that  in  any  triangle  ABC, 

a.sin^  +  5.sin^  +  c.sin(7=2.  (a.cos^  +/3.cos-6  +  7.cos(7j, 

when  a,  y8,  7,  are  the  perpendiculars  dropped  from  the  angles 
Aj  Bj  C,  on  the  opposite  sides. 

43.  In  any  triangle,  if  the  radii  of  the  circles,  touching 
two  sides  produced  and  one  externally,  be  in  harmonic  pro- 
gression, the  mean  radius  is  three  times  that  of  the  inscribed 
circle,  and  the  sides  are  in  arithmetical  progression. 

44.  ABC  is  a  triangle,  Aa  bisects  ^C  in  a  and  is  pro- 
duced to  a  so  that  Aa.  =  f  Agj  the  same  construction  is  made 
for  B^,  Cy.  Shew  that  a/37  is  a  triangle  similar  to  ABC  and 
equal  to  it.  Shew  that  the  hexagon  common  to  the  two 
triangles  is  |  of  either  triangle. 

45.  If  in  a  triangle  ABC,  BC=  70,  AC  =  35,  and 
/_  A  CB  =  SQ°  62' 12" y  find  the  remaining  angles,  the  tables 
giving 

log  3  =  .4771213, 

logcosl8°26'6"=  10.4771213. 

46.  The  space  in  the  Menai  Bridge,  between  the  two 
pillars  supporting  the  chain  at  the  highest  point,  is  a  feet,  and 
a  point  on  the  beach  is  observed  with  a  sextant  from  the  two 
extremities  of  the  broadway;  a  and  fi  are  the  angles  sub- 
tended successively  at  each  extremity  by  the  point  and  the 
other  extremity.  From  the  observed  point  the  altitude  of  the 
extremity  at  which  a  was  taken  is  7.  Shew  that  the  height 
of  the  broadway  above  the  level  of  the  sea  is 

a.siny8.sin7 
sin(a  +  ^)    * 

47.  A  person  stands  in  the  diagonal  produced  of  the 
square  base  of  St.  Mary's  Church  tower,  at  a  distance  (a) 
from  it ;  and  observes  the  angles  of  elevation  of  the  two  outer 
corners  of  the  top  of  the  tower  to  be  each  30°,  and  of  the  other 
45°.     Shew  that  the  breadth  of  the  tower  is 

a^/{S-^/5). 
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48.  D  is  the  middle  point  of  the  side  BG  of  the  plane 
triangle  ABG\  shew  that  twice  the  rectangle  contained  under 
AD  and  J5C  is  equal  to 

(j*+c*-25V.cos2^)*. 

49.  If  a,  hj  c,  the  sides  of  a  triangle,  be  in  harmonic 
progression,  shew  that 

A 

cosB—cosA 


sin- 


cos  G—  cosB' 


50.  If  Aj  Bj  0  be  the  angles  of  a  triangle, 

r  +  m^  +  n^>  2mn  cos  A  +  2ln  cosB  -{-^Im  cos  (7, 
unless  I :  m  :  n  ::  BiaA  :  sinjB  :  sin G. 

51.  From  the  angles  A  and  j5  of  a  triangle  ABG,  lines 
are  drawn  bisecting  the  opposite  sides  in  I)  and  ^;  find 
a  point  in  AB  at  which  AE  and  BB  subtend  equal  angles, 
and  shew  that  the  cotangent  of  either  of  these  angles  is  in 
arithmetic  mean  between  cot^  and  cot^. 

52.  AB  the  diameter  of  a  circle  is  produced  both  ways  to 
0,  D,  so  that  GA=AB  =  BD.  If  P  be  any  point  in  the 
circle,  shew  that 

tanOP4.tan5PZ)  =  i. 

53.  Perpendiculars  are  drawn  from  the  angles  of  a  triangle 
on  the  opposite  sides,  and  produced  to  the  circumscribed  circle 
in  A'B'  U\  prove  that 

cos  [B-  G)  ^  cos  ( G-A)  _  cos  jA-B)  _  2ABG 
AA'  BB'      ~        GG'       ~    abc   ' 

54.  Let  ABGD  be  a  quadrilateral  figure  inscribed  in  a 
circle,  c?j,  d^  its  diagonals  intersecting  in  E^  r^,  r^,  r^^  r^,  the 
radii  of  the  circles  described  about  the  triangles  ABE^  BGE, 
GDE,  DAE.  If  the  angle  between  the  diagonals  be  one-third 
of  a  right  angle,  shew  that 

r,r^  +  r^r^  =  d^d^. 
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55.  ABC  is  a  triangle  right-angled  at  A  ;  from  A  draw 
AD  perpendicular  to  BCj  shew  that  if  r^,  r^  be  the  radii  of 
the  circles  which  touch  CBj  DA  produced,  and  AB,  and  BAj 
BC  produced,  and  A  (7,  and  r  the  radius  of  the  circle  which 
touches  ABj  reproduced,  and  BGy  then 

56.  Through  the  exterior  angles  A,  B,  (7  of  a  triangle, 
lines  are  drawn  inclined  at  the  same  angle  successively  to  the 
sides  c,  a,  b.  If  J?i,  i?2,  ^g,  be  the  radii  of  circles  circumscribing 
the  three  triangles  which  are  cut  out  of  the  triangle  so  formed 
by  the  triangle  ABC,  R  that  of  the  circle  circumscribing  ABC; 
shew  that 

57.  ^j,  A^,  A^j  are  the  areas  of  triangles  having  respec- 
tively the  sides  a,  &,  c,  for  bases  and  the  centre  of  the  inscribed 
circle  for  vertex.  A^,  A^,  A'  those  of  triangles  having  the 
same  bases  and  the  centres  of  the  respective  escribed  circles 
for  vertices ;  shew  that 

_a_       b_       c   _2 

<  +  ^;  +  ^;-? 

r  being  the  radius  of  the  inscribed  circle. 

58.  Three  circles,  whose  radii  are  r^,  r^y  r^,  touch  one 
another  externally.  Shew  that  one  of  the  sides  of  the  triangle 
made  by  joining  the  points  of  contact,  is 

f  r  T  ^^ 

and  its  area  :  the  area  of  the  triangle  formed  by  joining  the 
centres  of  the  circles  as 

59.  If  ABC  be  a  triangle,  and  tangents  be  drawn  to  the 
circle  inscribed  in  it  parallel  to  the  sides  BC,  AB,  AC, 
respectively,  and  r„,  r^,  r^  be  the  radii  of  the  circles  inscribed 
in  the  triangles  formed  by  these  tangents  and  the  sides  of  the 
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triangle  ABC,  and  r  the  radius  of  the  circle  inscribed  in  the 
triangle  ABC,  then 

ra+-rr,  +  r,  =  r. 

60.  An  observer,  standing  outside  a  square  enclosure,  sees 
the  two  sides  nearest  to  him  under  the  angles  a  and  ^.  If 
these  sides  face  the  south  and  west,  shew  that  his  position  is 
6  degrees  west  of  south,  where 

^     1+  cot  a 
1  +  cot  yS 

61.  A  tower  standing  on  a  horizontal  plane  is  surrounded 
by  a  moat  which  is  just  as  wide  as  the  tower  is  high.  A 
person  on  the  top  of  another  tower  whose  height  is  (a),  and 
whose  distance  from  the  moat  is  (c),  observes  that  the  first 
tower  subtends  an  angle  of  45°.  Shew  that  the  height  of  the 
first  tower  is 


a  —  c 


62.  ABG  is  a  triangle  right  angled  at  C  and  having  the 

angle  BAG=-.    On  ^^is  described  another  triangle  ABB' 

right  angled  at  B  and  having  the  angle  BAB  =  - ,  and  so  on. 

If  A  be  the  area  of  the  triangle  ABC,  and  S  (A)  the  sum 
of  all  the  triangles  which  exactly  fill  up  the  angular  space 
at  A,  shew  that 

^)  =  cof^('sec-?-I 
A  n\n 

63.  A  circle  is  drawn  to  touch  the  circumscribing  circle  of 

a  triangle  ABG,  and  the  two  sides  AB,  A  G  produced :  if  r  be 

its  radius,  and  R  the  radius  of  the  circumscribing  circle,  shew 

that 

^A     ^j.  .    A       B       G 
r  cos  —  =  ^M  sm  —  cos  —  cos  — . 
^  2  2  2 

li  B=  G,  find  the  value  of  A  in  order  that  r  may  be  equal 
toi?. 
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64.  The  altitude  of  a  mountain  (a)  is  taken  at  a  station  Aj 
the  observer  then  recedes  through  a  space  c,  which  he  con- 
siders level,  and  observes  the  angle  y3  between  A  and  the  top 
of  the  mountain ;  shew  that  he  obtains  the  height 

c  sin  a  sin  fi  cosec  (a  —  y8) . 

I  If  his  imagined  level  was  in  reality  a  slight  rise  of  6,  shew 
it  his  eiTor  has  increased  the  height  by  a  quantity  bearing 
the  height  the  ratio  of 
^:tan(a-yS). 
65.  If  two  roofs  whose  ridges  are  at  right  angles  to  each 
other  make  angles  a  and  ^  with  the  horizon,  then  the  angle 
{6)  which  their  intersection  makes  with  it  is  given  by  the 
equation 

cot'^  =  cofa  +  cot')S. 

66.  A  triangle  is  described  on  a  given  base  between 
parallels  whose  distance  equals  half  that  base.  Shew  that 
the  ratio  of  the  sides 

=  /v/(l  +  sin  2A)  +  V(sin  2  A), 

A  being  the  vertical  angle. 

67.  The  diameter  and  three  adjacent  sides  of  a  regular 
hexagon  are  supposed  to  be  connected  by  hinges.  Shew  that 
if  the  two  extreme  sides  be  placed  so  as  to  make  angles  6,  <^, 
with  the  diameter,  then 

4  (cos  ^  +  cos  </))  -  2  cos  (6.+  (j))  =  5. 

68.  Find  the  area  common  to  two  equilateral  triangles 
inscribed  in  a  circle,  the  position  of  one  differing  by  a  given 
angle  from  that  of  the  other,  and  shew  that  when  the  area  in 
question  becomes  a  regular  hexagon  it  will  be  equal  to 

2  ' 

69.  ABC  is  a  triangle ;  cAb  is  drawn  through  A  making 
angles  B,    (7,  with  AUj  ^  (7  respectively,   cBa  through  By 

\  'aCb  through  C,  so  that  the  angle  aBC=A  =  aCB.     Shew 
^  'that  the  area  of  the  triangle  dbc  :  area  of  triangle  ABC  as 

1  :  2cos^.cos5.cos(7. 
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70.  A  point  0  is  taken  within  a  triangle  ABC  such  that 

AOAB:  AOBC:  AOOA  ::p:q:r; 

find  0A%  OB" J  and  00^  and  shew  that  if  the  triangle  is 
equilateral 

[p-r)  0A'+  [q  -p)  0R+  [r  -  q)OG'=  0. 

71.  A  person  wishing  to  ascertain  the  height  of  two  trees 
standing  on  a  horizontal  plane,  places  himself  in  the  same 
straight  line  with  them  and  observes  that  the  angle  between 
their  summits  is  a°.  He  then  walks  towards  them  till  their 
summits  coincide,  when  he  finds  that  their  common  angle  of 
elevation  is  equal  to  twice  that  of  the  more  distant  summit  at 
the  first  station.  He  again  walks  on  till  at  a  certain  point 
between  them  he  finds  their  angles  of  elevation  to  be  each 
equal  to  /S°.  If  6  be  the  elevation  of  the  more  distant  summit 
at  the  first  station,  shew  that 

cot^  =  (1  +  2  cota.  cot/3)*, 

and  deduce  the  heights  of  the  two  trees. 

72.  If  the  centers  of  the  escribed  circles  of  a  triangle  be 
joined  so  as  to  form  another  triangle,  then  the  lines  joining 
those  centers  with  the  points  in  which  the  circles  touch  the 
original  triangle  will  pass  through  the  center  of  the  circle 
described  about  the  second  triangle. 

73.  If  A  be  the  area  of  a  triangle,  A^  the  area  of  the 
triangle  formed  by  joining  the  points  where  the  escribed i 
circles  touch  the  triangle,  A^  the  area  of  the  triangle  formed^ 
by  joining  the  centres  of  the  escribed  circles,  then 

A^'.A'.;A'.A^, 

74.  If  a  triangle  be  formed  by  joining  the  points  of  con- 
tact of  the  inscribed  circle,  and  a  second  circle,  radius  r',  be 
inscribed  in  it,  then 

ABC 

,                               cos  —  COS  —  cos  — 
r      T  2         2         2 

"*         cos('45"-^).cos(^45°-|).cos('45°-^' 
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75.  If  s  be  the  sum  of  two  adjacent  sides  of  a  rectangle, 
d  its  diagonal,  and  another  rectangle  be  formed  within  it  by- 
drawing  lines  at  a  distance  c  from  its  sides,  then  the  angle  at 
which  the  diagonals  of  the  two  rectangles  are  inclined  to  one 
another  is  given  by  the  equation 


It  76.  A  fork  shaped  like  a  Y  is  placed  perpendicularly  across 
|b  edge  of  a  prism  with  its  branches  equally  inclined  to  each 
ce.  The  angle  of  the  prism  (2  a)  being  less  than  that  of  the 
fork  (2/3),  shew  that  the  angle  (6)  through  which  it  must  be 
turned  about  its  stem  so  as  to  bring  its  branches  into  contact 
with  the  sides  of  the  prism  will  be  given  by  the  equation 

cos^  =  tana  cot yS. 

77.  Three  candles  are  placed  on  a  table  at  the  angles 
of  a  known  triangle.  If  the  heights  of  the  candles  be  given, 
find  the  lengths  of  the  shadows  of  the  two  shorter  ones,  and 
prove  that  if  the  heights  of  the  candles  be  in  any  way  altered 
so  that  the  lengths  of  two  of  the  shadows  remain  the  same, 
that  of  the  third  will  also  remain  the  same. 

78.  A  tower  stands  at  the  foot  of  a  hill,  whose  side  makes 
an  angle  a  with  the  horizontal  plane  on  which  the  tower 
stands,  and  it  is  observed  that  when  the  Sun's  altitude  is  y9, 
the  extremity  of  the  shadow  falls  at  a  point  on  the  hill's  side, 
whose  height  above  the  horizontal  plane  is  c.  If  the  direction 
of  the  hill's  side  makes  an  angle  y  with  the  vertical  plane 
passing  through  the  Sun  and  the  tower,  shew  that  the  tower's 
height  will  exceed  that  of  the  point  by 

c .  cot  a .  tan  y8 .  cosec  7. 

79.  Two  cones  of  different  vertical  angles  are  placed  one 
within  the  other  and  the  inner  one  made  to  roll  round  and 
round.  Shew  that  the  same  generating  lines  will  never  be 
twice  in  contact  unless  the  sines  of  the  semivertical  angles 
of  the  cones  have  the  same  surd  factor. 
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80.  Each  of  the  2r  sides  of  a  regular  polygon  is  divided 
in  the  ratio  ofm-.n,  the  adjacent  segments  in  consecutive  sides 
being  equal.  If  the  points  of  section  be  joined,  so  as  to  form 
another  polygon  of  2r  sides,  shew  that  the  area  of  this 
polygon  will  be  to  that  of  the  original  polygon  as 

[m  +  n)  2r 

81.  A  pyramid^  whose  faces  are  equilateral  triangles  and 
base  a  square,  stands  on  a  horizontal  plane,  and  faces  the 
cardinal  points. 

The  Sun's  altitude  being  a,  and  y8  his  distance  from  the 
meridian,  shew  that  6,  the  vertical  angle  of  the  shadow,  is 
given  by  the  equation 


tan^  =  tan2acos  (  7  —  y^J- 

82.  Shew  that  the  real  part  of 

log  (1  +  V— 1  tana)  is  log  (sec a). 
Find  the  real  part  of  tan"^  (a  +  jS/^—l). 

83.  Find  A  when  tan^  =  1.01. 

84.  If  a,  fi  be  the  roots  of  a7^+  a?  +  1  =  0,  shew  that 

1      *        1     /     a  13 


and  thence  shew  that  the  coefficient  of  ic"  in  the  expansion  of 

_i__;oo;^2(w  +  l)7r      .    27r 

85.    In  the  expansion  of  -^-^^^Il5        the  coefficient  ofj 

•L  —  ZX  COS  u  -\-  I 

x!"  is  cos(n+l)^. 


1 
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86.    Prove  that  if  n  be  a  positive  integer,  the  real  part  of 

{\/(-i)r-i  1/-, .  •  WT^     '^'^ 

-^f TV T-  =  -      1  +  Sin  -;^  -  COS  ^7- 


V(-l)-l       2V  2 

TT  1 

87.  If  2  tana  =  3a,  then  a  =  -  —  t-,  nearly. 

O        OTT 

88.  Prove  that 

1       /^i         0\     cos^     cos^^     cos^^ 
log.(^2«.cos-j  =  — -^-  +  -g--..., 

id  find  the  sum  of  n  terms  of  the  series 
sin'^^.sin2^  +  i.sin'^2^.sin2'^  +  i  sin'^2'^.sin2'(9+... 

89.  Find  the  sum  of  n  terms  of  the  series 

cos  20  cosec^  +  cos  2^^  cosec2^  +  cos  2'^  cosec4^  +  .  ..&c. 

90.  Sum   tan^sec2^  +  tan2^sec4^  +  tan4^sec8^+...  to 
n  terms,  and  shew  that 

IT 

cos  ^  —  J  COS  3^  +  i  cos  5^  . . .  to  00  = -. 

91.  Prove  that  the  sum  n  +  1  terms  of  the  series 

sina  +  wsin2a  +  ?i.— ^—  sin3a+ is  2"sin  — — -acos*"-. 

92.  Shew  that 

cos  ^  -  sin  ^  +  J  (cos'^  -  sin^^)  +  \  {cos^6  -  sin^d)  -{-... 

=  log{cotg  +  | 

93.  If  sin  -  =msin  (2a  — - 

prove  that  6  =  2m  sin  2a  —  m^  sin 4a  +  2  —  sin  6a  —  &c. 

o 

94.  If  m  sin  (m</)  -\- 6)  =  sin  m(/>,  then 

(^  =  sin  ^  +  ^m  sin  26  +  Jm^  sin  S6  +  &c. 
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95.  A  string  is  partially  wrapped  upon  two  cylinders 
whose  radii  are  a  and  h.  The  portion  not  wrapped  on  either 
is  kept  stretched,  its  initial  length  being  I. 

One  cylinder  being  carried  round  the  other  through  an 
angle  6^  and  always  kept  in  such  a  position  that  any  radius 
continues  parallel  to  itself,  shew  that  when  the  cylinders  come 
into  contact  \ 

N.B.  The  string  wraps  on  both. 

96.  Shew  by  the  equality  of  the  coefficients  of  i»"  in  the 

expansions  of 

X  '           X                 1    pe^sin2ic 
e  ■  sm  ic  X  e  cos  a?,  and  ot  — , 

or  otherwise,  that 

.      ,  vTT  TIT        ^„_i     .      WIT 

sm  /I  — r  -COS—-      2    ^sm— - 
y  '^'"^  4         4  _  4 

♦^  [r  I w  —  r  ~         \n 
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ANALYTICAL  GEOMETEY  OF  TWO 
DIMENSIONS. 

1.  Determine  the  loci  represented  by  the  equations 

(1)  x^-4.a^x  =  0. 

(2)  x^-2ax -30^  =  0, 

(3)  x'-^'  =  0. 

(4)  xy  -  2ai/ +  Sax  -  Ga^  =  0. 

(5)  x^-f-Sax-h3ai/  =  0, 

(6)  25ic'-9/-10a;  +  63^  =  0. 

2.  Find  the  co-ordinates  of  the  points  which  bisect  the 
line  joining  the  points  whose  co-ordinates  are 

{2a,  -b),    {-a,  2b), 

and  shew  that  the  area  of  the  triangle  included  between 
the  straight  lines  whose  equations  are 

x-{-27/  =  2a,      x-{-y  —  2a,      and£c=Oisa^ 

3.  Find  the  points  of  intersection  of  the  straight  lines 
whose  equations  are 

x-\-2y  —  6=-0,      2a? +  2^- 7=0,     and  y- a?- 1  =  0; 

and  shew  that  the  area  of  the  triangle  formed  by  them  is  |. 

4.  Shew  that  if  the  whole   area   included  between   the 
lines 

x  +  y  =  Cj 

a     b        ^ 
and  the  co-ordinate  axes,  be  bisected  by  the  line  which  joins 
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their  point  of  intersection  with  the  origin,  then  c  is  a  geo- 
metric mean  between  a  and  h, 

5.    Find  the  length  of  the  perpendicular  from  the  point 
(a,  0)  on  the  straight  line  whose  equation  is 

X     y  _         c 


6.  The  equations  of  two  straight  lines  AFB  and  OPB  are 

x-\-S7/  —  a  =  0,    and    2/  —  x-\-a  =  0. 

Find  the  equations  of  the  two  straight  lines  passing  through 
F  their  point  of  intersection,  such  that  the  ratio  of  the  sines  of 
inclination  to  AB  and  CB  may  be  as  1  :  \/5. 

7.  Find  the  equations  of  the  lines  bisecting  the  angles 
between  the  lines  whose  equations  are 

12x  +  6y=S,   and   3a;-4j/  =  3. 

8.  Find  the  equation  of  the  straight  line  which  passes 
through  the  point  of  intersection  of  the  straight  lines  whose 
equations  are 

x  —  2y  —  a  =  0,    and    x  +  S7/  —  2a  =  0, 

and  is  parallel  to  that  whose  equation  is 

3ic  +  4y  =  0. 

9.  Find  the  equation  of  the  straight  line  which  joins  the 
points  of  intersection  of  the  two  pairs  of  straight  lines  whose 
equations  are 

2a?  +  3y-4a  =  0)  ,        x  +  ey-7a  =  0] 

2x+  y-   a  =  0)      ^^        ^x - 2y -\- 2a  =  o] 

10.  Find  the  condition  of  parallelism  and  perpendicularity 
of  the  straight  lines  represented  by  the  equations 

x+(a  +  b)y  +  c  =  Oj 

a{x -^ ay)  -\- b(x -by)  +  d=  0. 

11.  Determine  the  loci  represented  by  the  polar  equations 

^-a=0(l),     sin((9-a)  =  0  (2), 
and    (r-a)  (r''-  a^  -  ar  tarn 6  sin 6)=^  0  (3). 
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*■  12.  The  equation  of  a  curve  is  3^  -\-\xy-\-y^  —  (j^\  find 
the  equation  when  referred  to  axes  inclined  at  45°  to  the  given 
rectangular  axes. 

13.  If  a  =  0,      /3  =  0,      7  =  0, 

be  the  equations  to  the  sides  of  a  triangle,  shew  that  the 
equation  to  the  line  joining  A  with  the  point  in  which  the 
line  bisecting  G  meets  a  line  through  B  parallel  to  GA  is 

/3sin^  +  7sin(7=0. 

14.  If  a  =  0,      ye  =  0,      7  =  0, 

be  the  equations  to  the  sides  of  a  triangle,  shew  that  the 
equation  to  the  line  which  joins  the  middle  point  of  AB  with 
the  point  of  intersection  of  the  lines  which  bisect  the  angles 
BAG,ABG,m 

aa-5/3-(a-Z>)7  =  0. 

15.  If  a  =  0,      /S  =  0, 

be  the  equations  of  two  straight  lines,  and  a  parallelogram  be 
formed  by  drawing  straight  lines  parallel  to  these  at  distances 
a,  5,  respectively,  find  the  equations  of  the  diagonals. 

16.  Let  ABG  be  a  triangle  and  let  P,  Q  divide  BG^  and 
AG  '\n  the  ratio  n  :  m,  find  the  equations  of  AB^  BQ]  and 
if  GR  passes  through  the  point  of  intersection,  shew  that  GR 
bisects  ABj  or  divides  it  in  the  ratio  m^  :  n^  according  to  the 
order  in  which  BG,  ^(7  are  divided. 

17.  If  straight  lines  be  drawn  bisecting  the  angles  of 
a  polygon  of  n  sides,  shew  that,  ii  n  —  1  of  the  bisectors 
pass  through  a  fixed  point,  the  remaining  one  will  also  pass 
through  the  same. 

18.  Ox  J  Oy  are  two  straight  lines,  AB,  A'B'  are  parallel 
lines  drawn  from  fixed  points  ^,  ^'  in  Ox  and  meeting  Oy  in 
Bj  B',  shew  that  the  locus  of  the  intersection  of  AB'  and  A'B 
is  a  straight  line  parallel  to  Oy  which  cuts  Ox  in  P  so  that 
OAj  2  OP,  and  OA'  are  in  harmonic  progression. 

19.  Find  the  equations  to  the  straight  lines  joining  the 
center  of  the  circle  x^  +  y^  =  a^,  with  the  points  in  which  the 
line  2{x  +  y)  =  a  meets  it. 

E 
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20.  Find  the  equations  of  the  two  circles  which  touch  the 
straight  lines  whose  equations  are  ^  +  a;  ==  0,  and  pass  through 
a  point  [h,k). 

21.  Find  the  center  of  the  circle  whose  equation  is 

aj'  +  aJiz+y'-lOic- 82^  =  0. 

22.  The  diameters  (2a),  {2b)  of  two  circles  make  up  the 
diameter  of  a  greater  circle.  The  radius  of  the  greater  circle 
perpendicular  to  the  common  diameter  meets  the  circle  in  P. 
If  tangents  be  drawn  from  P  to  touch  the  smaller  circles,  shew 
that  they  are  in  the  ratio 

fjh  :  sja. 

23.  If  -  +  T  =  1  he  the  equation  to  a  chord  of  the  circle 

a     o  ^ 

a?-\-y^  —  (^^  shew  that  the  pairs  of  tangents  at  its  extremities 

intersect  in  a  point  -,  -j  ;    and  that  the  tangents  of  the  angles 

which  these  tangents  make  with  the  axis  of  x  are  given  by  the 
equation 

y        ah 


--Tt  +  -^^f  =  0. 


24.  Find  the  equation  of  the  straight  line  joining  the 
origin  with  the  point  of  intersection  of  the  three  chords  of  the 
circles  whose  equations  are 

a;^  +  /+  x^  3^  +  1=0, 
a?'  +  y*  +  2a;  +  2y+l  =  0, 
ic'  +  /  +  3aj  +  3?/  +  2  =  0. 

25.  Shew  that  the  portion  of  the  line 

a? +3/  =  3a, 

which  is  intercepted  between  the  co-ordinate  axes,  is  trisectec 
at  the  points  where  it  meets  the  circle 

x^-^y'  +  a^  =  2a[x-\-y). 

Shew  also  that  the  parabola  y^  =  ^ax,  passes  through  onej 
of  the  points  of  intersection  of  the  line  and  circle. 
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26.  Find  the  locus  of  a  point  whose  distance  front  a  fixed 
straight  line  is  equal  to  its  distance  from  a  circle  given  in 
position. 

27.  Find  the  locus  of  the  middle  points  of  the  straight 
lines  touching  the  circle 

and  terminated  by  the  co-ordinate  axes  to  which  it  is  re- 
ferred. Shew  that  if  the  locus  be  represented  by  two  coinci- 
dent straight  lines  the  circle  passes  through  the  origin. 

28.  Any  number  of  equal  circles  intersect  a  given  circle, 
so  that  all  the  chords  of  mtersection  pass  through  a  given 
point.  Shew  analytically,  that  the  centers  of  the  intersecting 
circles  all  lie  in  a  circle  whose  center  is  the  given  point. 

29.  A  OB  is  the  diameter  of  a  circle,  CP,  CQ,  are  perpen- 
dicular radii,  shew  that  the  locus  of  the  intersection  of  AP, 
and  ^§  is  a  circle  whose  center  is  in  the  given  circle,  and 
radius  the  diagonal  of  the  square  on  the  radius. 

30.  Find  the  eccentricity  of  the  ellipse  whose  equation  is 

and  the  length  of  the  perpendicular  on  the  tangent  from  the 
center,  which  is  inclined  at  an  angle  cot~^(2V2)  to  the 
axis  of  X. 

31.  In  the  elli^  Vhose  equation  is  given  in  Prop.  30,  find 
the  locus  of  the  mi|lle  points,  (1)  of  all  chords  passing  through 

the  point  (a,  — ),  and  (2)  of  all  chords  which  touch  the  circle 

whose  equation  is  x^  +  y^  —  c^. 

32.  The  equation  of  an  ellipse  being  Za?  +  4^^  =  7,  and  of 
a  straight  line  a?  +  3/  =  2,  find  the  equations  of  the  diameters 
passing  through  the  points  of  intersection  of  the  ellipse  and 
straight  line,  and  also  the  co-ordinates  of  the  points  where  the 
line  meets  the  directrices. 

33.  The  tangent  to  an  ellipse  at  the  extremity  of  the  latus 
rectum  meets  the  minor  axis  produced  in  K,  and  the  normal 

e2 
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at  the  same  point  meets  the  major  axis  in  G ;  shew  that  if  e  be 
the  excentricity,  the  angle  which  KO  makes  with  the  major 
axis  is 


34.  Prove  that  if  6  be  the  angle  between  8P  and  the 
tangent  at  P  (a;',y), 

tan  6  —  — ,. 
aey 

35.  AA'  is  the  major  axis  of  an  ellipse,  P  any  point  in  the 
curve ;  join  AP,  A'Pj  and  let  J. 'P  meet  the  tangent  at  ^  in  P ; 
through  P  draw  P  Q  parallel  to  AA'  meeting  AP  produced  in 
Q ;  shew  that  the  locus  of  §  is  a  parabola,  whose  latus  rectum 
is  equal  to  that  of  the  ellipse. 

Shew  also  that  if  e  be  the  excentricity  of  the  ellipse,  the 
distances  between  the  focus  of  the  parabola,  and  the  foci  of  the 
ellipse,  are  to  each  other  as 

{l-ef:{l+e] 


\2 


36.  a,  h  are  the  semiaxes  of  an  ellipse,  and  another 
ellipse  has  axes  in  the  same  lines,  and  the  sum  of  the  axes  the 
same  as  in  the  first ;  shew  that  the  points  of  alternate  inter- 
section are 

Shew  that  they  both  touch  the  curve  whose  equation  is 

x*-\-y^  =  [a-\-bY 

37.  OA,  OB  are  perpendicular  radii  of  a  circle,  OMj  MP 
co-ordinates  of  a  point  P  in  the  circle  referred  to  these  axes. 
A  parabola  OQPk  drawn  having  its  axis  in  OA,  and  vertex 

at  0,  and  passing  through  a  point  Q  whose  abscissa  is  — ; 

shew  that  the  locus  of  Q  is  an  ellipse  whose  semiaxes  are 

OA       ,  OA 

— —  and  —j^  respectively. 


1 
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38.  A  circle  of  radius  h  touches  a  parabola  of  latus  rectum 
4a  at  the  vertex,  shew  that  if  it  cuts  the  parabola  again,  the 
distance  of  the  straight  line  joining  the  points  of  intersection 
from  the  vertex  is 

2J-4a. 

39.  If  through  G  the  foot  of  the  normal  at  any  point  in 
parabola,  chords  be  drawn  perpendicular  to  the   normal, 

rove  the  following  properties :  (1)  the  locus  of  the  middle 
)ints  of  all  such  chords  is  a  parabola  whose  latus  rectum  is 
le- third  of  the  latus  rectum  of  the  given  parabola,  and  vertex 
a  distance  equal  to  one-half  of  the  latus  rectum  from  its 
jrtex ;  (2)  the  locus  of  the  intersection  of  tangents  at  the 
[tremities  of  the  chords  is  an  equal  parabola  turned  in  the 
opposite  direction,  and  having  the  same  directrix. 

40.  Two  parabolas  have  a  common  axis,  and  the  vertex 
of  one  at  the  focus  of  the  other.  If  the  latus  rectum  of  one 
be  half  that  of  the  other,  shew  that  the  locus  of  middle  points 
of  all  chords  of  the  second,  which  touch  the  first,  is  another 
parabola,  whose  latus  rectum  is  an  harmonic  mean  between 
the  given  latera  recta. 

41.  If  the  chord  XPbe  the  normal  at  the  extremity  L  of 
the  latus  rectum  of  LSI  in  the  parabola,  shew  that  the  tangents 
at  L  and  P  will  intersect  in  the  diameter  passing  through  the 
other  extremity  of  the  latus  rectum. 

42.  QOQ'  i^  2i  fixed  chord  in  a  parabola,  P'  OP  another 
chord  parallel  to  a  given  straight  line.  Op  is  taken  in  OP 
produced  if  necessary  such  that 

OP.Op=OQ.OQ'. 

Shew  that  J?  is  a  point  in  another  parabola. 

43.  In  a  segment  of  a  parabola  bounded  by  a  chord  perpen- 
dicular to  the  axis  is  inscribed  an  ellipse  touching  both  the 
curve  and  the  chord,  and  having  one  of  its  axes  coincident 
with  that  of  the  parabola.  Shew  that  the  extremities  of  its 
other  axis  are  always  situated  on  two  parabolas,  of  half  the 
dimensions  of  the  former. 
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44.  Two  parabolas  have  a  contact  of  the  first  order,  and 
their  diameters  through  the  point  of  contact  form  with  the 
tangent  and  normal  at  that  point,  a  harmonic  pencil.  Shew 
that  they  will  have  a  common  chord  parallel  to  the  normal. 

45.  Two  parabolas  are  drawn  touching  two  straight  lines 
OAA',  OBB'j  in  A,  B,  A',  B'  respectively,  and  OA  =  OB', 
0B=  0A\ 

Shew  that  the  three  points  of  intersection  lie  in  the  straight 
line  bisecting  the  angle  AOB^  and  the  straight  line  whose 
intercepts  with  OA,  OB,  are  harmonic  means  between  OA, 
OA',  and  OB,  OB', 

46.  Parabolas  are  described  touching  the  sides  and  sides 
produced  of  a  triangle,  so  that  the  principal  axes  pass  through 
the  centers  of  escribed  circles. 

If  d^,  d^,  6?3,  be  the  portions  of  the  axes  intercepted  between 
the  vertices  and  the  angles ;  a^,  a^,  ttg,  each  one-fourth  of 
respective  latera  recta ;  shew  that 

dj^^(r^ 

r  being  the  radius  of  the  inscribed  circle. 

Prove  that  the  lines  joining  the  angles  to  the  points  of 
contact  with  the  sides  pass  through  a  point. 

47.  Two  ellipses  referred,  one  to  its  axes  [a,  h),  and  the 
other  to  its  conjugate  diameters  {a',h'),  have  a  common  polar 
of  the  points  (a,  )8),  (a,  ^')  respectively.     Shew  that 

'I 

48.  S,  S  are  the  contiguous  foci  of  two  ellipses,  having 
the  same  major  axis,  and  the  excentricities  e,  e,  complemen- 
tary, so  that  e^-{-e'^  =  l.  B,  B'  the  extremities  of  the  minor 
axes.  CP,  OF  are  drawn  through  the  centre  parallel  to 
;S'^,  S'E,  to  meet  the  ellipses  respectively  in  P,  P',  Prove 
that  the  tangents  at  P,  P'  are  parallel  to  one  another. 

49.  PGG  is  a  diameter  of  an  ellipse,  V  the  middle  point 
of  a  chord  QQ  parallel  to  this  diameter,  PF  intersects  CQ  or 
GQ  in  R,  shew  that  the  locus  of  ^  is  a  parabola. 


a  _      /a      ^  _     // 


K 
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50.  P  is  any  point  in  an  ellipse  whose  foci  are  S,  H, 
Shew  that,  if  ellipses  be  described  having  8  and  P  for  foci, 
and  passing  through  Hj  the  locus  of  one  extremity  of  the 
major  axes  is  a  circle  whose  radius  is  equal  to  the  greatest 
focal  distance  in  the  original  ellipse. 

51.  AC  A'  is  the  major-axis  of  an  ellipse,  PGP'  any 
diameter,  A  Q  parallel  to  the  conjugate  diameter  meets  CP  in 
Qj  Q  bisects  CQ^  A'Q^  AQ  intersect  in  It\  shew  that  the 
locus  of  R  is  an  ellipse  one-third  the  size  of  the  original. 


52.  If  (7P,  GB  be  semi-conjugate  diameters  of  an  ellipse, 
and  lines  drawn  from  PD  to  the  extremities  of  the  major-axis 
intersect  in  §,  find  the  locus  of  Q^  and  shew  that  it  is  an  ellipse. 

53.  From  a  point  T  in  the  conjugate  hyperbola,  a  line  is 
drawn  parallel  to  the  semi-conjugate  diameter  GB^  to  meet 
the  hyperbola  in  Z7,  F.     Shew  that 

TU,TV=2GB'. 

54.  OA^  OB  are  two  straight  lines,  and  OA  —  a,  OB=b, 
AP,  BP  make  equal  angles  with  OA,  OB  respectively ;  shew 
that  the  locus  of  P  is  a  rectangular  hyperbola  whose  centre  is 
in  the  middle  point  of  AB. 

55.  An  hyperbola  having  its  asymptotes  parallel  to  the 
axes  of  co-ordinates  may  be  made  to  pass  through  the  angular 
points  of  the  quadrilateral  formed  by  the  four  lines  whose 
equations  are 

(1)  ?/+   a;  +  6a  =  0. 

(2)  3/  +  2x  +  3a  =  0. 

(3)  y-\-&x-\-   a  =  0. 

(4)  y  +  3ic  +  2a  =  0. 

56.  If  A,  B,  G,  B  are  four  points  on  a  rectangular 
hyperbola,  such  that  AB  is  perpendicular  to  GB ;  shew  that 
BC,  AB  and  BBj  A  G  are  also  perpendicular. 

57.  Three  hyperbolas  have  parallel  asymptotes,  shew  that 
the  three  straight  lines  joining  the  points  of  intersection  of  the 
hyperbolas,  taken  two  and  two,  all  meet  in  a  point. 
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58.  (7P,  GQ  are  asymptotes  of  a  rectangular  hjrperbola, 
and  PQ  is  a  tangent  to  the  hyperbola ;  shew  that  if  an  ellipse 
be  described  whose  half  axes  are  CP,  CQj  the  common  chords 
with  the  hyperbola  are  parallel  to  the  diagonals  of  the  com- 
pleted rectangle  PCQRj  and  that  the  parallelogram  formed  by 
these  chords  is  4V3  x  area  of  /^PCQ, 

59.  K  two  hyperbolas  have  their  axes  parallel,  the  qua- 
drilateral joining  their  points  of  intersection  has  the  sum  of  its 
opposite  angles  equal  to  two  right  angles. 

60.  Two  hyperbolas  have  common  asymptotes  occupying 
together  all  the  four  angles.     Find  the  locus  of  the  middle 

Eoints  of  straight  lines  which  are  parallel  to  a  given  line,  and 
ave  the  extremities  one  in  each  hyperbola. 
Trace  the  locus,  and  shew  that  it  meets  only  one  of  the 
hyperbolas,  in  four  points  situated  in  two  parallel  lines. 

61.  Shew  from  general  reasoning  or  otherwise,  that  the 
equation 

[if-  Amx)  [^-  4ma)  -  [^y  -  2m  (a  +  x)Y=  0, 

represents  two  straight  lines,  and  draw  them. 

62.  If  the  lines  represented  by  the  straight  lines  whose 
equations  are 

[a  —  h')  [u  —  hv)  +  {h  —  a)w  =  0, 

[b  —  h')  [u  —  av)  -\-{a  —  h)w  =  0^ 
w,  V,  w  alone  being  variable,  intersect  in  the  line  u  —  av  —  O] 
shew  that  the  following  relation  holds  among  the  constants, 

{a  +  h')  {a  +  h)  =  2  {ah'  +  ah). 

^  63.  The  inscribed  circle  touches  the  sides  a,  h,  c,  of  a 
triangle  in  the  points  a,  Z>,  c.  The  circles  escribed  opposite 
to  the  angles  A^  B,  C,  touch  these  sides  or  sides  produced 
in  a^7,  a^/S^j^,  oi^^^%j  respectively.  Shew  that  Aa,  B^^,  C% 
meet  in  a  point,  as  also  each  of  the  systems 

AoL,B^^,Cy,,   Bh,Cy,Aa„    Cc,Aa„B^. 

64.  The  sides  of  a  triangle  ABC  are  bisected  forming 
a  new  triangle  A^B^  C,,  which  is  treated  in  the  same  way,  and 
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SO  on  n  times;  if  a,iS,7  be  the  perpendiculars  from  a  point 
(a?,  y)  on  the  sides  of  the  triangle  ABC,  shew  that  the  equation 

/9sin^  +  7sin (7=  2«+ (__  i)«+i «  ™^ 

represents  the  straight  line  B^C^j 

(1)  when  n  =  2j     (2)  generally. 

65.  Determine   the    loci    represented    by  the    following 
itions,  the  axes  being  rectangular : 

(1)  X^  +  C7/-C'  =  0. 

(2)  2ic'-6/  +  a^?/  +  2ic+18y-12  =  0. 

(3)  2x^  +  Sx7/-2f-ax  +  Sai/-a'  =  0, 

(5)  9{x^  +  y^)-\-exy  +  4.a(x-y-a)=0, 

(6)  £c'  +  3£cy+/-2a£C-4a3/  =  0. 

(7)  xy-\-ax  —  c^  =  0. 

(8)  icy-a?  +  2?/  =  0. 

(9)  (ic  +  3/)'-2«£c  +  a'  =  0. 
(10)  V2(a;-a)(?/  +  ic)+«'  =  0. 

66.  Find  the  equations  to  the  asymptotes  of  the  hjrper- 
bolas  whose  equations  are, 

(1)  a?'-2icy  +  4ic  +  3  =  0, 

(2)  y'^-xy  +ax  =  0, 
the  axes  being  rectangular. 

67.  Find  the  eccentricity  and  asymptotes  of  each  of  the 
hyperbolas, 

^xy  —  3ic^  —  2ay  =  0, 
3/^  -  4£c'  +  2y  -  4£C  -  9  =  0, 
the  axes  being  rectangular. 

68.  Find  the  axes  of  the  hyperbolas, 

(1)  xy  —  ax  +  hy  =  0, 

(2)  xy  —  ax  +  a^  =  0, 
the  axes  being  inclined  at  an  angle  a. 
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69.  Prove  that  the  angle  between  the  asymptotes  of  the 
hyperbola 

12a;'-4V3icy  +  a'  =  0 

is  -,  and  find  the  equations  to  its  axes. 
6 

70.  Find  the  equation  of  the  axis  of  the  parabola  whose 
equation  is 

{y-xY  =  a[x+y), 

71.  Find  the  latus  rectum  and  the  co-ordinates  of  the 
vertex  of  the  parabola  whose  equation  is 

(3a;  -  ^yf  -  50ax  +  25a'  =  0. 

72.  Find  the  latus  rectum,  and  equation  to  the  axis  of  the 
parabola  whose  equation  is 

{12x-5yY-26a{y  +  Sx)  +  iea:'  =  0, 

73.  Shew  that  the  latus  rectum  of  the  curve 

a^  +  2xy+y^  +  2dx  +  2ey  +  l  =  0  is 

d  +  e 

(2Y' 

74.  The  equation  to  the  directrix  of  a  parabola  repre- 
sented by  the  equation 


ax^  +  2hxy  +  cy^  +  2dx  +  2ey  +f=  0  is 

b 
be  —cd 


n^l/-^^)  =  f-^{af-d^  +  cf-e^) 


75.  If  oar'  +  2bxy  +  c^  +  2dx  +  2ey  +/=  0  be  an  equation 
of  the  second  order,  give  a  geometrical  interpretation  to  the 
equations, 

aaf-\-2bxy-[-cy^  =  0 (1) 

2dx-[-2ey+f=0 (2) 

ax  +  2by-^2d=0 (3) 

cy-{'2bx  +  2e  =  0 (4). 
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76.    Prove  that  the  conditions  that  the  equation 
M  +  m^  ^n^^r  l'^^  +  m'7a  +  n'a/3  =  0 
may  represent  a  circle,  are 

Ih^  —  mob  +  mo^  =  mc^  —  I'bc  +  nJf  =  na^  —  m'ca  +  Ic^j 

r^  if  the  fundamental  triangle  be  equilateral,  these  reduce  to 
l+T  —  7)1  + m  =n-^n. 


77.    Find  the  number  of  conditions  that  must  be  satisfied 
the  coefficients  of  the  general  equation  of  the  vP^  degree 

tfiat  it  may  represent   a  series   of  parallel  lines   at   equal 

distances  from  one  another. 


78.  Two  ellipses  have  a  common  focus  and  equal  eccen- 
tricities, shew  that  their  common  chord  is  parallel  to  the  line 
bisecting  the  angle  between  their  major  axes. 

79.  The  angle  subtended  at  the  focus  by  the  chord  of 
a  conic  is  120°,  shew  that  the  locus  of  intersection  of  tangents 
at  its  extremities  is 

Z  =  r(l  +  2ecos^). 

80.  Shew  that  if  PSQ,  F'SQ'  be  two  perpendicular  focal 
chords, 

1  1  1  1     . 

81.  ^,  ^  are  fixed  points  in  Ox,  Oy,  and  a,  h  are  always 
taken  in  Oic,  Oy^  so  that 

^- ^varies  inversely  as  i-i 

Shew  that  the  locus  of  the  intersection  of  Ah  and  Ba  is 
a  conic  section  touching  Oa?,  Oy,  in  A  and  B. 

82.  /S'Fis  perpendicular  from  the  focus  in  the  tangent  at 
any  point  P  in  a  conic  section,  T  the  point  where  the  tangent 
meets  the  directrix.  Shew  that  the  perpendicular  from  Y  on 
iSTis  a  third  proportional  to  /S'Pand  SY. 
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83.  Two  conic  sections  have  a  common  tangent  AB  at  the 
same  point  B,  and  another  A  GG',  prove  that  the  straight  line 
joining  the  points  of  intersection  cuts  the  tangent  A  GG'  in  By 
so  that  A  G,  AB,  A  G'  are  in  harmonic  progression. 

84.  If  conies  be  described  touching  two  straight  lines  Ox, 

Oy  in  two  points  A  and  B  such  that   OA  —  -  and  OB  =  j, 

then  the  centers  of  all  these  conies  will  lie  in  the  straight  line 

y  =  x. 
Interpret  the  solution  ax  -i-  by  —  1  =  0. 

85.  Find  the  equations  of  the  tangents  at  the  points  where 
the  conic  section  whose  equation  is 

{ax  -{■hy  —  l)  [ax  +  h'y  —  1)  +  cxy  =  0, 

meets  the  axis  of  y :  and  the  equation  of  the  line  joining  their 
point  of  intersection  with  the  point  where  the  conic  touches 
the  axis  of  x. 

86.  Shew  that  the  tangents  at  the  points  where  the  conic 
section  referred  to  two  tangents  is  cut  by  the  straight  line 
y  =  X^a?,  intersect  in  the  straight  line  ax  +  hy —  1  =  0,  where 
y  =  —  '>^x  cuts  it. 

87.  ABG  is  a  triangle,  PQ  two  points  in  AB,  AG  such 
that  PQ  is  always  parallel  to  a  given  straight  line.  Shew 
that  tlie  locus  of  the  intersection  of  BQ,  GP  is  a  conic  sec- 
tion circumscribing  the  triangle,  and  that  BG  h  one  of  its 
diameters. 

» 

88.  The  equations  of  three  straight  lines  being  a  =  0, 
/9  =  0,    7  =  0,   and  of  two  conies 

a^=^fiy     and    ay  =  \V, 
shew  that 

a  +  4X/£  (\y8  4- yLt7)  =  0 

is  the  equation  of  a  common  tangent  to  the  conies. 


I 
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89.  Prove  that  if  a  conic  be  described  about  any  triangle, 
and  points  where  the  lines  bisecting  the  angles  of  the  triangle 
meet  the  conic  be  joined,  the  intersections  of  the  sides  of  the 
triangle  so  formed  with  the  sides  of  the  original  triangle  lie 
in  a  straight  line. 

90.  Apply  the  method  of  reciprocal  polars  to  the  following 
roblems : 

(1)  If  two  fixed  tangents  to  a  conic  section  be  cut  by 
third,  the  points  of  intersection  subtend  a  constant  angle  at 
le  focus. 

(2)  Given,   one  focus,  the  excentricity,  and   direction 
the  axis,  construct  a  hyperbola  which  shall  pass  through 

given  point. 

(3)  From  the  extremities  P,  §  of  a  focal  chord  of  an 
[ipse  lines  are  drawn,  through  any  point  in  the  ellipse,  to 
leet  the  directrix  in  p,  q^.     Shew  that  the  angle  subtended  at 

the  focus  by  Pq  is  the  complement  of  the  angle  subtended  by 

Qp- 

91.  If  the  chords  of  contact  corresponding  to  a  series  of 

Soints,  external  to  a  given  ellipse,  pass  through  a  point  in  the 
irectrix,  shew  that  the  points  all  lie  in  a  straight  line  passing 
through  the  focus. 

Deduce  this  property  also  by  means  of  reciprocal  polars. 

92.  The  curve  la^  +  m^  +  ^^  =  0  will  be  a  circle  if 

I      _     m     _      n 
sin  2  A  ~  sin25  ~  sin  2  0* 


93.  If  opposite  sides  and  diagonals  of  a  quadrilateral 
inscribed  in  a  conic  section  meet  in  ^,  P,  (7,  and  any  tangent 
to  the  conic  meet  the  sides  of  the  triangle  ABC  in  A^  B\  C ; 
and  the  lines  joining  Aj  Bj  (7  respectively  with  the  intersections 
of  BB',  CC  ;  CO' J  AA' ;  AA',  BE  meet  the  opposite  sides 
in  i>,  E,  F;  prove  that  DEj  EF,  FD  will  also  touch  the 
conic. 
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94.  Shew  that  in  general  two  parabolas  can  be  described 
passing  through  the  points  of  intersection  of  the  curves  whose 
equations  are 

ax""  +  2})xy  +  cy'  +  2dx  +  2ey  +/=  0, 

aV  +  21)  xy  +  cy  +  2d'x  +  2ey  +/'  =  0, 

and  that  if  the  axes  of  these  parabolas  be  at  right  angles  to 
each  other, 

h  _  a  —  c 

77  "^    ~  »• 

0      a—c 
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DIFFEEENTIAL  AND  INTEGKAL  CALCULUS. 


Differentiate 

(1)  x'-s\ogy{i+x' 


(4)  -U{Sx-'-^x-'-\-Sx-'){l+xy, 

(5)  af^ 


5in:r 
tana; 


(6)  .  ^  . 

(7)  (smic)i°»*. 

(8)  (cos(»)«^^. 

(9)  {tsinxY''^~\ 
(10)  tan"'ic  +  tan"V. 
/     V  cos3a?  +  cosa? 

"^  sinSa?  — sina; 

(12)  a^V(«'-^')+a'sm-^-- 

ft 


(14)  cosjcos(cosa?)}. 

(15)  \/jsin(a3  +  a)  sin(£c  — a)}. 

Shew  that  the  result  of  the  last  is 

cos  a;  sec  ^,  if  sina7  =  sinacosec^. 


64  PROBLEMS. 

2.    Investigate  the  differential  coefficients  of 

(1)    log(l+sinic)       and   (2)    tan"'  ^  _  ^^^ 

Shew  that  the   second    differential  coefficients   of  these 
functions   are 

(1)    -iVsin.       ^^^  (^)    -(!&?• 


3.    Solve  the  equation 

d  ,  . 


-Y-  (sin  a?  +  -  cos2ic)  =  0. 


4.  Find  the   differential   coefficient    of  e^    with   respect 
to  *Jx. 

5.  Prove  that 
doT 


(3)    isin-M3.-4.>_A_^,^. 

1        log.  W{h  +  a)  +  ^/{b-a)t^n<|>) 
V(5^  -  a^)  '^^^  V(5  +  a)  -  V(J  -  a)  tan</,j ' 

prove  that  j;7=0. 

7.    Given  cos  a;  cos  2aj cos  2""'aj  =  ^-^ — , 

2"sin£c' 
shew  that 

tana^  +  2  tan  2ic  +  &c +  2""*  tan  2''~'x  =  cotic  -  2~cot  2"a". 
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8.  If  l^,  =  (6^  +  0", 

72 

prove  that  -j-^  =  A„  —  4n .  (w  —  1 )  u^^. 

9.  Find  the  r^^  differential  coefficients  of 

(1)  ic^logic. 

X 

(2)  e^^cosa?. 

(3)  x'^e^ 
1 


(4) 


ic'-3a;  +  2 


10.    The  expression  for  the  remainder  after  two  terms  of 
le  expansion  of 

f{x+-h)\sf{x^+eh)}~ 

Shew  that  in  the  remainder  after  two  terms  of  the  expansion 


j  11.    Give  a  geometrical  interpretation  of  the  failure  of 

\     Taylor's  theorem,  where 

[  F[x)=^x-a  +  2[x-af-ir^[a-xY. 

12.  Expand  e*cos\/3ic  to  four  terms.     What  is  the  term 
involving  x""  ? 

13.  Expand  log  (cos  x)  to  four  terms. 

14.  Expand  by  Maclaurin's  Theorem  to  x^ 

15.  Shew  that 

x^       x^        x^ 
log(l  +  sinir)  =  a^--  +  — -—  &c....; 

and  if  w„  be  the  coefficient  of  .— , 

\n 

n.(n  —  l)(n  —  2)  nir 

^,Hi  +  ^«^n 123 ^"-'^  "^ ^^^^  T* 

F 
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16.  If  y  =  w  +  esiny,  expand  by  Lagrange's   Theorem 
log  tan  (^),  in  a  series  ascending  by  powers  of  e. 

17.  Shew  by  Lagrange's  Theorem  that  the  coefficient  o- 
a;"  in  the  expansion  of  'if'  in  ascending  powers  of  a?,  where 

, -,  when  n>2. 

18.  Expand,  by  Lagrange's  method,  or  any  other,  siny 
ascending  powers  of  x,  to  a^  where  y  =  6  +  x^^  and  shew  thai 
the  coefficient  of  a;"  is 

-^^  (1  +  n^)~^'^ cos {e^[n-  1) cot-V). 

19.  Find  the  limits  of  the  following  ftmctions : 

(1)  ^ ''-'' 

^       sm2ic— sina?' 
,jjv     X  tana? 
1  —  cosa?' 


/qx        a;  tan  3a; 


cos  a?  — cos  2a? 

/.v    1  — a?cota? 

^  '     1  — cosa? 

/.v    4a?tana?  — TT 
(5)   — mTi::^ — 7 


(6) 
(7) 
(8) 


cot  2a? 
2  tan  a?  — tan  2a; 

a?(l  —  cos 3a?)  ' 

a?^(cota?f +  sina? 

x'        "' 
sin  (tana?) 


tan  (sin a?)' 
log  cos  (a?—  1 


x  = 

=  0. 

x  = 

=  0. 

a?  = 

=  0. 

it  = 

=  0. 

X  — 

TT 

4' 

a?  = 

:0. 

a?  = 

0. 

a?  = 

0. 

(9)    ,        .    Tra;       '  .t=1. 


I 
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^xv; 

cosa;-e'^+2«'      "" 

Cll   JO  —  u. 

(11) 

a;log(l  +sina;) 

x  =  0. 

(12) 

tana;  — £1!         ' 

07  =  0. 

(13) 

log  (sin  ^) 

{.-lY    ' 

X^l. 

(14) 

log  a?  —  log  siri£c 
sina7log(l  -\-x) 

x  =  0. 

(15) 

{i-,)."-. 

x=l. 

(16) 

-H): 

x  =  0. 

20.    If 


x  =  a  cos  tj     and  y  =  b  sin  t. 


)ress  -j~  in  terms  of  a,  bj  and  ^. 

21.  Change  the  independent  variable  from  x  to  tj  in 

a? -,4  + -^  + -1  where  ic  =  e^ 
aic      ax     X 

22.  If  jB  be  a  function  of  x  and  ^,  and 

aj  =  rcos^,      ?/=rsin^, 


)ve 


23.    If 


x  =  rcosO    and    ^  =  r  sin  ^, 


I    shew  that         .^-^_  =  .^_  +  2.^^. 

24.    liE=f{r,e),  r  =  a7r  +  i^(£-7r),  and(9  =  £  +  ^(£-7r), 
prove  that 

^     dB^^dR     dR 
dz      dw         dr      dd' 
F2 
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25.  If  a;  =  7-cos^cos</>,  3/  =  rcos^sm<^,   z  =  rcose,   shew 
that  ,     „  ,    „ 

26.  Transform  the  equation 

dz    d^z       dz  ^_ 
dx  dxdy     dy' dx^ 
into  one  in  which  y^  z  are  the  independent  variables. 

27.  Find  the  values  of  x  which  make  u  a  maximum  or 
minimum  when 

(1)  u  =  [x-\)\[x-\-l). 

(2)  ^^=(aJ-a)'(ic-2a)^ 

(3)  u  =  x.{a-^x)[a-x)\ 

(4)  u  =  x[x  —  of. 

(5)  M=(a  +  a')«(a-icr. 

(6)  w  =  a.cosa?  — a.cos2iP. 

(7)  w  =  sina?  sin(a  +  a?). 

(8)  ?^  =  cos  3a?  —  3  cos  x. 

(9)  w  =  ire-"'. 

28.  If  ic  =  Xq,  makes  /(a?)  a  minimum ;  illustrate  by- 
means  of  a  curve,  whose  equation  is 

f-=a[x-a)\ 

the  case  in  which/ (icj  =  qo  . 

29.  Shew  that  the  greatest  rectangle  which  can  be  in- 
scribed in  an  ellipse  is  half  that  under  the  axes. 

30.  Shew  that  the  greatest  triangle  which  can  be  inscribed 
in  an  isosceles  triangle,  having  one  side  parallel  to  the  base, 
is  one-fourth  of  the  given  triangle. 

31.  Shew  that  the  isosceles  triangle,  whose  base  is  a  chord 
of  a  circle  and  vertex  in  the  bisection  6f  a  radius,  has  the 
greatest  area  when  the  height  is  equal  to  a  radius  of  the  circle.  : 
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32.  Draw  the  shortest  line  to  a  parabola  from  a  given 
point  in  its  axis :  and  explain  the  result  if  the  distance  of  the 
point  from  the  vertex  is  less  than  the  semi-latus  rectum. 

33.  Prove  that  of  'all  circular  sectors  described  with  the 
same  perimeter,  the  sector  of  greatest  area  is  that  in  which  the 

I'rcular  arc  is  double  of  the  radius. 
34.    Of  all  parabolas  which  can  be  inscribed  in  a  circle, 
uching  the  circle  at  the  vertex,  the  greatest  area  cut  off  by 
e  chord  common  to  the  parabola  and  circle  is  that  for  which 
the  chord  bisects  the  radius  of  the  circle. 

35.  An  ellipse  is  circumscribed  round  a  triangle  whose 
igles  are  90°,  30°,  and  60°,  one  axis  of  the  ellipse  being 
irallel  to  the  hypothenuse  of  the  triangle;  determine  the 
lipse  so  that  this  axis  may  be  a  minimum  or  maximum. 

2 

36.  Shew  that  —  is  the  area  of  the  greatest  triangle  which 

be  formed  with  the  lines  a,  Z>,  c,  subject  to  the  condition 
a'  +  J'  +  c^  =  3m'. 

37.  Three  lines  a?,  y,  z  are  drawn  from  the  angular  points 
a  triangle  to  a  point  within  it.  Shew  that  when  x'^  +  y''  -\-  2" 
a  minimum  we  have 

sin  [z^y]  _  sin  [x^z]  _  sin  [y,  x) 

where  (ic,  y)  denotes  the  angle  between  x  and  y, 

38.  Eliminate  the  constants  from  the  equation 

(1)  y  =  £(/  +  e-^)  +  c', 

and  the  functions  from  the  equations 

(2)  ^  =  ^(e*siny). 

(3)  .  =  (^(/) 

(4)  z  =  (i>[x  +  y-\-z), 


(5)    3  =.?/</> 


X 


-Ji^+f 
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(6)  z  =  i>{x^  +  f)  +  f{x'-fy 

(7)  z  =  x(l>{i/)-\-y'>lr{x), 

(8)  z  =  <l>{x+f{y)}. 

39.  The  curve  whose  equation  is  u  =  0  has  three  branches 
passing  through  the  point  (a,  b).  Two  of  the  tangents  at  that 
point  are  at  right  angles  to  each  other.  Shew  that  the 
equation  to  the  third  tangent  is 

y  —  ^   _  ^~^ 

\dx^Jia,b)     \d'if){a,l,) 

40^    Find  the  asymptotes  of  the  curves  whose  equations  are 

(1)  xy'-af^xY-V'^^. 

(2)  £cy-ic^  +  ic*?/  +  ic^  +  ic^  =  0. 

(4)   x[yVx)\y-^x)  =  a\ 

In  (3)  find  the  shape  at  the  origin,  and  in  (4)  find  on 
which  side  of  its  asymptotes  the  curve  lies. 

41.  If  the  equation  of  a  curve  of  the  iilP^  order  be  written 
in  the  form 

Q^Fy^\  containing  the  terms  of  n  dimensions  and  so  on. 


And  if  F[z)  —  0  have  2  roots  each  equal  to  a,  and  i^(a)  be  not 
zero,  the  asymptotes  are  common  parabolas. 

42.  The  curve 

/  -  3^' -  8ic' -  36ic' -  2ic*  =  0 

has  a  parabolic  asymptote  of  the  second  degree  whose  axis  is 
parallel  to  the  axis  of  y. 

43.  If  r^  =  (^  cos  2^  be  the  equation  of  a  curve,  shew  that 

.  dPw      I 
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44.  The  radii  vectores  of  the  points  of  contact  of  perpen- 
dicular tangents  to  a  cardioid,  whose  equation  is 

r  =  a(l  4-cos^), 
are  inclined  at  60°. 

45.  Find  the  point  of  inflexion  in  the  curve 

c^y  =  x[a^-x^). 

46.  Find  the  multiple  point  in  the  curve  whose  equation  is 

ic*  +  a^xy  -  hy^  =  0, 
and  the  direction  of  the  branches.     Trace  the  curve. 

47.  Find  the  singular  points  in  the  curve 

[y-'-ay-x^^x  +  ZaY^O. 

48.  Determine  the  circle  x^-\-y^-\-  Ax  +  By-\-C=0  so  that 
it  shall  have  a  contact  of  the  2"^  order  with  the  curve 
^"'  =  ax"''^  at  the  point  x  =  a,  y  =a. 

49.  Determine  the  curvature  of  the  curve  ay^  =  x^  at  the 
origin. 

Is  the  curve  continuous  at  this  point  ? 

50.  Shew  that  the  radius  of  curvature  in  the  cycloid 

=  4«cos</) 

when  <l>  is  the  inclination  of  the  tangent  at  any  point  of  the 
cycloid  to  the  tangent  at  the  vertex,  and  a  the  radius  of  the 
generating  circle. 

51.  At  the  point  of  contact  {Xj  y)  oi  sl  curve  and  its  circle 

UjX 

of  curvature,  -y-^  differs  from  the  corresponding  quantity  for 
the  circle  by 


d^x  d  f\ 
di  ds  \p, 


^dxr\)  ^  icln\l 

ds  (^   ds^        p  ds  \pj  ) 


52.    If  ^i  =  rsina   be   the  equation  to  a  curve,  find  the 
equation  to  the  evolute. 
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53.  A  tangent  to  the  evolute  of  a  parabola  at  the  point 
where  it  meets  the  parabola  is  also  a  normal  to  the  evolute  at 
the  point  where  it  again  meets  it. 

54.  Find  the  envelope  of  the  series  of  curves  whose  equa- 
tion is  a6 

when  a  is  a  variable  parameter. 

55.  Circles  are  described  having  their  centres  in  the  cir- 
cumference of  a  given  circle  and  radii  equal  to  the  arcs 
intercepted  between  their  centres,  and  a  fixed  point  in  the 
given  circle.     Find  the  envelope  of  the  system. 

56.  A  chord  is  drawn  through  the  vertex  of  a  parabola 
and  a  circle  is  described  upon  it  as  diameter.  The  locus  of 
the  ultimate  intersections  of  all  such  circles  is  a  cissoid  whose 
asymptote  is  the  directrix  of  the  parabola. 

57.  P,  Q^  Rj  S,  T  are  five  points  in  a  curve  of  continuous 
curvature  whose  abscissae  are  in  arithmetical  progression,  the 
common  difference  being  hx)  shew  that  as  hx  diminishes 
without  limit,  PT^  QS,  and  the  tangent  at  H  ultimately  in- 
tersect in  the  same  point ;  and  that  in  the  parabola  y^  =  mx 
the  locus  of  this  point  is  a  parabola  with  the  same  vertex 
and  axis.      • 

58.  Trace  the  curves  whose  equations  are 

(1)  x^y  +  x)-a'y  =  0. 

(2)  ax^-x^^-hf  =  0. 

(3)  xf-^-x'y^a' 

(4)  xf{x-a)=b' 

(5)  x^-af^^a'x  +  4:a'y  =  0. 

(6)  a{f-axy  =  x' 

(7)  y(x-aY^x{7/-2aY. 

(8)  {a2/-xy-f{b'-x')  =  0, 

(1)  a>b\ 

(2)  a<by 
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(9)    [x-a)y'^=^^axyfx'', 
and  find  where  the  last  curve  cuts  the  asymptote 

y  =  x-\-2a. 

(10)  x\  +  y''-dxy==Q. 

(11)  a3'^  +  /-«£c/  =  0. 

(12)  r  =  a^'" 

sin- 

59.    Trace  the  curve 

y\x-b)=ah^{x-a), 

(1)  a>b, 

(2)  a<h', 

and  if,  in  the  case  a<h,  P,  §  be  the  points  at  which  the 
ordinates  have  maximum  and  minimum  values, 


tsLnPOxtsinQOx=.B^ 


60.    Integrate 


(1) 

(2) 
(3) 
(4) 
(5) 

(6) 
(7) 


1 

a^{x  +  l){x  +  2y 
1 

x'{x-iy' 

x^  +  2x  +  4. 

x^+2x^+4.x-\-S' 
1 

{i+xr(2-xr 
1 

{a'-{-x'f 

1 

{1-x^f 
x' 

(1+a^f 
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(^)    (l+aj)V(4^+4a;-3)' 

61.  Find  the  area  of  the  figure  included  between  the 
parabolas  whose  equations  are 

x^  =  ^ay\ ' 

62.  Find  the  area  included  between  the  curves,  whose 
equations  are 

x'-^y^=A.a\       y'=Zax,       x^=^ay, 

63.  Find  the  area  of  the  curves 

(1)    £c'-2icy  +  10?/'=a' 

.2         ^2 


(2)  [y—,)=-'-^ 

64.    If  y'^-\-ax^[2y  —  x)=0   be  the   equation  to  a  curve, 

1 2ft 
shew  that  the  area  of  the  node  is  — —  c^. 

lOo 

Trace  the  curve. 

Q5.  A  circle  whose  centre  is  at  the  pole  and  radius  (a) 
cuts  off  from  the  curve  r  =  a{8Qc26  +  tan 2^)  an  area  equal  2a^. 

66.  Find  the  volume  and  surface  of  the  solid  generated 
by  the  revolution  of  a  given  parallelogram  about  one  of  its 
sides  ;  and  the  area  of  the  curve  r.(^^— a^)*=c,  which  is  cut 
off  by  the  asymptote  between  the  values  of  ^,  tt  +  a,  and 
27r  +  a. 

67.  Find  the  value  of  the  integral //(aj'^+y'^)cW[y  for  the 
whole  curve 

y'-2xy-h2x'=:a\ 
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68.  The  sum  of  the  products  of  each  element  of  an  elliptic 

lamina  multiplied  by  its  distance  from  the  focus  is  equal  to 

2  +  e^  . 

Ma.  — ^— ,  ilf  being  the  mass,  2a  the  length  of  the  major  axis, 
o 

and  e  the  eccentricity  of  the  lamina. 

69.  Prove  that 

ir(pT^^+2^+-«^^'^-^-)^^=i^- 


70.    If  <^[x)  =<l>{2l  —  x)j  n  a  positive  integer,  and 

^^=</,(a)  +  0(a  +  yS)  +  <^(a  +  2/3)    to  r  terms,    </>(?)  being 
the  n^^  term, 

if  the  condition  be  ^  (a?)  =  <^  (Z  +  ic) , 

^n=  ^2n~  ^n=  >^3«  ~  ^2«= 
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DIFFEEENTIAL  EQUATIONS. 


1 .  Integrate  {ax'^+  2hxy)  -^  +  "iaxy  +  hif—  mx"]  ^  =  0. 

2.  Find  an  integrating  factor  for  the  expression 

X        f  dy^ 

3.  Integrate  the  following  differential  equations  : 

(2)  V(l-«'^).J-3/  =  sm-'^. 

(3)  1^  =  ^. 
^  '    ax     x  —  y 

(4)  ic-^  + 3y  =  sinic. 

(5)  -^4-2/tana?  =  fl;"'cosic. 

4.  Find  the  orthogonal  trajectory, 

(1)  of   the  family  represented   by  the  equation  ^  =  a"" 
when  a  is  the  variable  parameter. 

(2)  of  a  series  of  circles  all  of  which  touch  one  another 
at  the  same  point. 
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5.  The  orthogonal  trajectory  of  all  curves  whose  differen- 
tial equation  is 

X  [x^-  2/)  dx-y  (y-  2x^)  dy  =  0, 

is  x^—axi/-\-y^=0. 

6.  The  equation  of  a  family  of  ellipses  is 

ax^+hf=l 
where  a  —  b  =  Cy  a  constant. 
Shew  that  the  curve  which  cuts  all  the  individuals  at  an 

igle  whose  tangent  is  -  is 


X 


x=Ce   2. 


7.  r  =  ae*'°**-^  is  the  equation  of  a  family  of  equiangular 
jirals,  individuals  of  which  are  determined  by  particular 
ralues   of  a.      Shew  that  the  trajectory  cutting  all   at   an 

igle  13  is  another  equiangular  spiral  whose  angle  is  a  +  /S. 

8.  Find  the  singular  solution  of  the  equation 

y-p^+fjp'  +  ^)  =  o. 


9.    Integrate  the  folio wing*equations  : 
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10.  Integrate  the  equations  : 

-  .    c?x     dy     adz 

.     1     — +-^ =  0, 

^  ^    X      y      xy 

(2)  log  [ye^) dx  +  log (ze~y)  dy  +  log  {xe")  dz  =  0, 

(3)  /(I  +  x'')dz  =  {2x-^2x'+f)ydx-2x\l^-a^)dy, 
and  find  a  factor  which  will  render  integrable  the  expression 

x[a?+y''-\-l)dx-\-ydy. 

11.  Integrate  the  partial  differential  equations : 

(1)  P-^  =  l' 

(2)  mxp  +  nyq  =  z. 

(3)  {x^z\p■^[y^rz)q  =  x^y. 

(4)  {^^^llHf^^')\-^- 


(5) 

-^P-J^<1  = 

-   ^m           ym^l           ^n^l 

?+l  '  w  +  1  '  w+1 

(6) 

sp  —  rq  =  0. 

(7) 

«r+(aH-5) 

s-hbt  =  0. 

(8)- 

rq[\-\-q)-. 

s{l+p-\-q  +  2pq)  +  fp{p  +  l)  =  0. 

12.  A  vessel  is  moving  in  a  straight  line  down  a  river 
with  a  velocity  V,  and  a  boat  starts  from  a  point  in  the  shore 
just  opposite  the  vessel  with  a  velocity  F',  and  pulls  always 
towards  the  vessel.  Find  the,  curve  described  by  the  boat ; 
and  shew  that  if  it  overtakes  the  vessel  at  all  it  will  be  at  a  I 
distance 

from  the  point  of  starting ;  when  a  is  the  distance  of  the  vessel 
from  tlie  shore. 
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13.    Solve  the  equation 


%+3+  ^Ux^2-  9%+i+  5w^=  0. 


,  14.  The  population  of  a  town  at  the  end  of  any  year  can 
be  found  by  subtracting  eleven  times  the  population  at  the 
id  of  the  previous  year  from  10  times  the  population  at  the 
id  of  the  succeeding  year.  Nine  years  ago  the  population 
ras  1210,  and  eleven  years  ago  1000.  Shew  that  it  increases 
geometrical  progression. 


15.    Sum  the  series 

1+  4  +  18  +  80  +  356  +  ...  to  ic  terms. 


80  PROBLEMS. 


GEOMETKY  OF  THKEE  DIMENSIONS. 


1.  What  do  the  equations 

a3  =  «  (1),    y  =  nz-\-h  {2)j    z  =  mx  {^)j 

represent  separately?  What  do  (2)  and  (3)  represent  when 
taken  together?  What  do  they  represent  when  taken  all 
together  ? 

2.  Find  the  equation  of  a  straight  line  which  passes 
through  a  given  point  and  is  perpendicular  to  each  of  two 
straight  lines  whose  equations  are  given. 

3.  Find  the  equation  of  any  sub-contrary  section  of  the 
cone  whose  equation  is 

[ex  —  azf-\-  c^y^=  r^  (z  —  cy. 

4.  If  r  be  the  radius  of  the  sphere  inscribed  in  a  tetra- 
hedron formed  by  three  rectangular  co-ordinate  planes  and 

the  plane  -+f +  -=1,  and  d  be  the  distance  of  this  plane 

from  the  origin,  prove  that 

11111 
r     a     b     G     a 

5.  Find  the  equation  of  the  surface  generated  by  a  straight 
line,  which  always  passes  through  two  straight  lines  and  a 
circle,  fixed  in  position,  the  orthogonal  projections  of  the  two 
straight  lines  on  the  plane  of  the  circle  being  perpendicular 
diameters. 


i' 
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6.  Find  the  equation  of  the  surface  generated  by  a  straight 
line  which  intersects  the  three  straight  lines  whose  equations 
are 

7.  Find  the  equation  to  the  surface  swept  out  by  a 
straight  line  which  always  passes  through  two  straight  lines, 

not  in  the  same  plane)  and  meets  one  of  them  at  right  angles. 


If  a  plane  be  inclined  at  an  angle  a  to  the  axis  of  a 
paraboloid  of  revolution,  find  the  eccentricity  of  the  section. 

II    9.    Find  the  equation  for  a  conical  surface  whose  vertex  is 
pe  origin  and  base  an  ellipse  whose  equations  are 
I  x^  tsm^  a  +  y^  tsiu^  13  =  c^  and  z  =  c. 

I  Shew  that  the  area  of  the  projection  on  the  plane  of  xi/  of 
me  curve  of  intersection  of  the  cone  and  a  sphere  whose  center 
IS  at  the  vertex  is  to  the  area  of  the  greatest  section  of  the 
sphere  in  the  ratio  cos  a  cos  yS  :  1. 


I 

W^m  11.  Find  the  locus  of  the  vertex  of  the  cone,  enveloping 
"  an  ellipsoid,  so  that  the  plane  of  contact  constantly  touches  a 
concentric  sphere. 


10.    Shew  that  the  equation  of  a  surface  generated  by  a 
cle  revolving  about  a  tangent  line,  coincident  with  Ozj  is 


,.    Alx  4-  Bmi/  +  Cnz  =  1 
^^'         ^^    ATx  +  Bmy+Cnz  =  l 


I  ......... 

I  From  every  point  of  (1)  enveloping  cones  are  drawn  to  (2). 

'      Shew  that  the  plane  of  contact  always  contains  the  straight 
line 

x  —  l_  y  —  "in  _z  —  n 

I  —  l~  m  —m     n  —  n 
G 
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13.    ^  is  a  fixed  point,  P  a  point  such  that  the  intersection 
of  polar  planes  of  A,  P  with  respect  to  the  ellipsoid 


2  T-  7  2  T^      9  —  A 


is  perpendicular  to  AP,  shew  that  the  locus  of  P  is  a  cone  of 
the  second  order  whose  vertex  is  A. 

14.  If  (7  be  the  centre  of  an  ellipsoid,  Q  any  point,  and 
CQ  meet  the  ellipsoid  in  P,  and  R  be  any  point  in  a  straight 
line  through  Q  parallel  to  the  normal  at  P,  the  polar  planes 
at  Q  and  R  intersect  in  a  straight  line  parallel  to  the  tangent 
plane  at  P. 

15.  An  ellipsoid  whose  semi-axes  in  descending  order  of 
magnitude  are  OA^  OB,  OC,  is  cut  by  a  plane  passing  through 
A  and  B  and  parallel  to  0  G.  If  S^  8'  be  foci  of  the  sections 
AG,  BGj  prove  that  S8'  is  the  distance  of  the  foci  of  the 
section  made  by  the  plane. 

16.  Two  ellipsoids  have  their  three  principal  axes  2a,  2 J, 
2c  equal,  and  the  axis  2c  is  common  to  both ;  shew  that  if 
their  other  axes  be  not  coincident  they  intersect  in  two  plane 
curves ;  and  if  a,  fi  be  the  semi-axes  of  these  curves, 

i     i_I     1 


17.  Shew  that  the  tangent  plane  at  any  point  whose  co- 
ordinates are  x,  y,  z  in  the  surface  whose  equation  is  xyz  =  a^ 
cuts  the  axes  at  points  whose  distances  from  the  origin  are 
Sx,  Sy,  Sz. 

18.  Investigate  the  locus  of  all  tangent  lines  at  the  origin 
and  at  a  point  {a,  0,  a)  in  the  surface  given  in  Problem  10.       J 

19.  Shew  from  its  equation  that  the  normal  plane  at  a 
point  in  a  curve  which  is  at  a  maximum  or  minimum  distance 
from  a  fixed  point  passes  through  that  point. 

20.  Find  the  volume  included  between  the  surface 

y^ -\- z""  =  4.ax, 
and  the  plane  x  —  z  =  a. 


i 
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21.  Find  the  volume  of  the  portion  of  the  cylinder  whose 
equation  is  x^ -{■  y^  =  2aXj  contained  between  the  plane  of  xy 
and  the  paraboloid  whose  equation  is 


.^  +  /  =  2a(^  +  |). 


22.    Find  the  surface  of  a  cone  whose  equation  is 
off  by  the  plane  of  xy. 


23.  Determine  the  surface  represented  by  the  equation 
x^  -^  Ay^  ^-^z"  -I2yz  -  ^xz  +  ^xy  =U. 

24.  What  is  the  shortest  distance  from  a  point  on  a  right 
e  round  the  cone  to  the  same  point  ? 


25.    Spheres  are  described  having  their  centers  on  the  line 

-7  =  -  =  -,  and  their  radii  proportional  to  the  fourth  root  of 
t     TTi     n  ^ 

the  distances  of  their  centers  from  the  origin ;  shew  that  the 

equation  of  the  envelope  is 

Kx^ -\- y^  -\- z^  —  {Ix  +  my-\-nz-\-  cf,  c  being  some  constant. 
26.    Find  the  surface  which  is  always  touched  by  a  plane 
ich  passes  through  a  fixed  point  and  makes  a  given  angle 
with  a  fixed  plane. 


g2 
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ELEMENTAKY  STATICS. 

1.  ABj  CD  are  any  two  equal  and  parallel  chords  in 
a  circle,  and  P  is  a  point  on  the  circumference,  half-way  be- 
tween A  and  B.  Shew  that  if  forces  represented  by  the  lines 
PAj  FBj  PC  J  PB  act  at  the  point  P,  their  resultant  is  constant. 

2.  If  two  forces  act  upon  a  particle,  find  the  angle  at 
which  their  directions  are  inclined,  in  order  that  their  result-- 
ant  may  be  double  of  the  resultant  if  they  had  acted  in  opposite 
directions.  Shew  that  neither  can  be  more  than  three  times 
the  other. 

3.  A  uniform  rod  rests  with  its  extremities  on  two  props, 
find  at  what  point  a  weight  equal  to  the  weight  of  the  rod 
must  be  hung,  in  order  that  the  pressures  on  the  props  may 
be  in  the  ratio  2:1. 

4.  A  bent  lever  consists  of  two  uniform  heavy  beams 
whose  lengths  are  as  1:2,  find  the  weight  which  must  be 
attached  to  the  extremity  of  the  shorter,  in  order  that  the 
arms  may  make  equal  angles  with  the  horizon. 

5.  A  quadrantal  arc  rests  with  the  convex  part  on  a 
horizontal  plane,  shew  that  if  P,  Q  be  two  weights  placed  at 
the  extremities  it  will  rest  in  equilibrium  when  turned  through 
an  angle 

the  weight  of  the  arc  being  neglected. 

6.  A  square  is  capable  of  motion  in  a  vertical  plane  round 
an  angular  point  A,  and  a  weight  half  that  of  the  square  is 
suspended  at  the  angular  point  adjacent,  find  the  position  of 
equilibrium. 
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7.  A  smooth  wire  is  bent  into  the  form  of  a  circle,  and  is 
supported  by  a  small  ring  sliding  on  it  and  attached  by  a  string 
fast  to  a  vertical  wall,  against  which  it  rests,  find  the  inclination 
of  the  string  to  the  wall  when  the  tension  is  double  the  weight 
of  the  circle. 

8.  Two  smooth  cylinders,  of  equal  radii,  just  fit  in  between 
two  parallel  vertical  walls,  and  rest  on  a  horizontal  plane, 
without  pressing  against  the  walls;  if  a  third  be  placed  on 
the  top  of  them,  find  the  resulting  pressure  against  either 
ivall. 

^B  9.  In  the  system  of  pullies  in  which  each  string  is 
^Rtached  to  the  weight,  if  there  be  three  strings,  find  the 
B^eights  of  the  two  lower  pullies,  from  the  consideration  that, 
if  they  were  interchanged,  equilibrium  would  subsist  when 
Hi^  power  is  diminished  by  one-half. 

10.  If  SY,  perpendicular  on  the  tangent  PFto  a  parabola, 
e  a  uniform  rod  moveable  round  S,  supported  by  a  string 
"or,  shew  that  the  tension  _x 

0C(;S'P)     . 


■ 


11.  An  equilateral  triangle  is  suspended  from  a  fixed 
point  by  one  of  its  angles,  and  a  side  of  the  triangle  leans 
with  its  middle  point  against  a  peg  vertically  beneath  the 
point  of  suspension ;  shew  that  the  direction  of  the  pressure  on 
th^  point  bisects  the  angle  from  which  the  triangle  is  suspended. 

12.  OAj  OB  are  respectively  the  vertical  and  horizontal 
radii  of  a  quadrant  ABj  P  and  Q  are  two  weights  connected 
by  a  string,  and  P  hangs  freely  along  AO,  Q  rests  on  the 
convex  side  of  the  quadrant.     Prove  that  there  will  be  equi- 

librium  if  a  =  sin  ^  -^,  the  curve  being  supposed  smooth,  and 

angle  AOQ=oi. 

13.  If  in  problem  12  the  curve  be  supposed  rough,  fi  the 
coefiicient  of  friction,  prove  that  the  difference  between  the 
greatest  and  least  values  of  P  consistent  with  equilibrium  is 
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14.  K  the  ratio  of  the  greatest  to  the  least  force  which 
acting  parallel  to  a  rough  inclined  plane  can  support  a  weight 
on  it  be  equal  to  that  of  the  weight  to  the  pressure  on  the 
plane,  the  coefficient  of  friction  will  be 

tanatan^- 
when  a  is  the  inclination  of  the  plane  to  the  horizon. 

15.  Two  inclined  planes  are  placed  on  a  smooth  horizontal 
plane,  and  a  sphere  rests  upon  them,  the  inclined  planes  being 
prevented  from  separating  by  a  string  connecting  them  at  the 
lowest  points  ;  shew  that  the  ratio  of  the  weight  of  the  sphere 
to  the  tension  of  the  string  is  the  sum  of  the  cotangents  of  the 
inclinations  of  the  planes. 

16.  A  smooth  sphere  I'ests  against  a  vertical  plane,  and 
upon  a  wedge  which  rests  on  the  horizontal  plane  supposed 
rough,  find  the  angle  of  the  wedge  when  there  is  equilibrium. 

17.  If  three  uniform  rods,  of  equal  lengths,  be  rigidly- 
united,  so  as  to  form  half  of  a  regular  hexagon,  prove  that,  if 
suspended  from  one  of  the  angles,  one  of  the  rods  will  be 
horizontal;  and  find  the  position  which  the  horizontal  rod 
assumes,  when  the  joint  of  the  rod  farthest  from  it  becomes 
loose. 

1 8.  In  the  second  system  of  pulleys  a  platform  is  suspended 
from  the  lower  block.  Shew  that  a  man  of  weight  Wj  standmg 
on  the  platform  may  support  himself  by  exerting  on  the  string  \ 

a  force  equal  to  — — —  W,  where  n  is  the  number  of  strings, 

and  m  W  the  weight  of  the  platform  and  lower  block  together. 

19.  Two  equal  smooth  spheres  are  placed  in  contact,  and 
one  touches  a^horizontal,  and  the  other  a  vertical  plane,  find 
the  horizontal  force  which  will  prevent  the  lower  from  being 
forced  out,  for  any  position  of  the  spheres. 

If  the  horizontal  plane  be  rough,  find  the  position  bordering 
on  motion,  when  two- thirds  of  the  horizontal  force,  found  for 
that  position  in  the  former  case,  acts  so  as  to  prevent  rotation. 
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20.  A  particle  is  placed  in  the  middle  point  of  a  horizontal, 
equilateral,  and  triangular  board,  and  is  kept  in  equilibrium 
by  three  equal  weights,  which  act  on  it  by  means  of  strings 
passing  through  the  angular  points.  When  the  particle  is 
moved  in  the  direction  of  one  of  the  angular  points,  find  the 
force  tending  to  restore  it  to  its  position. 

If  the  force  be  half  of  the  weights,  the  inclination  of  the 
strings  will  be  cos"^  (—  f ). 

21.  Two  equal  particles  are  placed  on  a  parabolic  arc 
laving  its  axis  vertical  and  vertex  uppermost,  and  connected 

a  string  which  passes  over  a  smooth  peg  at  the  focus. 
Jhew  that  the  particles  will  rest  in  any  position. 

22.  A  circle  is  capable  of  free  motion  in  a  vertical  plane 
)und  a  point  in  its  circumference,  and  a  weight  equal  to  its 

)wn  weight  hangs  by  a  string  fixed  at  the  point  and  passing 
)ver  the  circumference,  shew  that  the  diameter  of  the  circle 
trough  the  point  is  inclined  to  the  horizon  at  60°. 

23.  Find  the  centre  of  gravity  of  an  equilateral  triangle, 
>m  which  an  inscribed  square  has  been  removed. 

24.  A  triangular  lamina  ABC  having  a  right  angle  G  is 
ispended  from  the  angle  Aj  and  the  side  A  C  makes  an  angle 
with  the  horizon,  it  is  then  suspended  from  By  and  the  side 
t(7  makes  an  angle  ^  with  the  horizon,  shew  that 

BCHiina  =  ACHanff. 

25.  A  polygon  one  of  whose  sides  is  AB^  is  suspended 
:st  from  the  angle  A,  and  then  from  the  angle  B,  and  it  is 

found  that  the  angles  which  AB  makes  with  the  horizon  in 
these  two  positions  are  a  and  jS  respectively.  Shew  that  the 
~istance  of  the  centre  of  gravity  of  the  polygon  from  AB  is 

AB 
tan  a -^  tan /S' 

26.  A  circle  has  cut  out  from  it  a  right-angled  inscribed 
:iangle,  of  which  the  distance  of  the  right  angle  upon  the 
lypothenuse  is  equal  to  the  arc  of  45° ;  shew  that  the  centre 
)f  gravity  of  the  remainder  is  at  a  distance  from  the  centre 

lual  to  one-ninth  of  the  radius. 
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27.  ABC  is  a  triangle  inscribed  in  a  circle  whose  centre 
is  0,  and  F,  G,  H  are  the  centres  of  gravity  of  the  sectors 
AOB^  BOC,  CO  A]  shew  that 

AB     BC     CA_ 

OF^^  oa^  OR" 

28.  If  the  sector  of  a  circle  balance  about  the  chord  of  the 
arc,  prove  that,  2a  being  the  angle  of  the  sector, 

2  tana  =  3a. 

29.  From  the  property  that  a  system  of  particles  can  only 
have  one  centre  of  gravity,  shew  that  the  straight  lines  joining 
the  middle  points  of  opposite  edges  of  a  tetrahedron,  intersect, 
and  bisect  each  other. 

30.  Find  the  locus  of  the  centres  of  gravity  of  all  triangles 
inscribed  in  a  circle,  the  vertex  being  fixed  and  the  base  of 
a  given  length. 

31.  Two  weights  P  and  TF",  connected  by  a  string,  rest 
in  equilibrium  on  a  smooth  fixed  hemisphere,  and  the  radii  at 
the  points  where  they  rest  make  angles  of  30°  and  60°  with 
the  horizon ;  if  the  positions  of  the  weights  be  now  changed, 
so  that  P  and  W  respectively  occupy  the  positions  which 
W  and  P  did  before,  find  the  weight  which  must  be  added  to 
P  in  order  that  the  equilibrium  may  be  preserved. 

32.  Two  inclined  planes,  each  of  inclination  45°  to  the 
horizon,  are  separated  by  an  interval,  and  two  equal  weights 
resting  on  the  two  planes  and  connected  by  a  string  are  kept . 
in  equilibrium  J)y  a  ring,  of  weight  equal  to  either  of  them, 
which  slides  on  the  string,  and  hangs  in  the  interval ;  prove 
that  the  string  has  all  its  portions  inclined  at  45°  to  the 
horizon. 

If  the  planes  be  rough  (/x  =  coefficient  of  friction),  shew  that 
there  will  be  equilibrium  if  the  portions  of  the  string  between 
the  planes  be  inclined  at  any  angle  between  the  two 

cosec"^{(l  +/i)V2} 
to  the  horizon. 
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33.  A  heavy  string  hangs  over  the  edge  of  a  rough  hori- 
zontal table ;  find  how  much  can  hang  over  without  slipping. 

34.  A  rod  is  capable  of  moving  round  a  hinge  at  its 
middle  point  fixed  at  the  vertex  of  an  inclined  plane.  A 
weight  P  hangs  freely  from  one  extremity,  and  to  the  other 

,  string  whose  length  is  equal  to  half  that  of  the  rod  is  fastened, 
iving  a  weight  W  attached  at  the  other  end  and  resting  on 
le  plane.  Shew  that  if  a  be  the  inclination  of  the  plane  to 
le  horizon,  and  the  rod  be  horizontal, 

P=2TF.sin'a. 

If  the  plane  was  rough,  and  the  coefficient  of  friction  such 
lat  W  would  just  rest  on  it  without  any  support,  then  the 
pilibrium  would  not  be  disturbed  if  P  was  increased  by 
:  weight,  which  bears  to  P  the  ratio  of 

cos 2a  :  1. 

35.  A  homogeneous  hemisphere  is  placed  with  its  curve 
surface  upon  a  rough  inclined  plane ;  assuming  that  the  centre 
of  gravity  of  a  hemisphere  divides  the  axis  in  the  ratio  of 

l|     3:5,  shew  that  f  is  the  sine  of  the  greatest  inclination  of  the 

3 
plane  consistent  with  equilibrium  when  fi  >  -7--. 

^V'  36.  Two  equal  rods  length  {2a)  are  fastened  together,  so 
as  to  form  two  sides  of  a  square.  One  of  them  rests  on  the 
top  of  a  rough  peg.     Shew  that  the  distance  of  the  point  of 

contact  frona  the  middle  point  of  the  rod  is  -  (1  —  ft),  )L6  being 

i  «the  coefficient  of  friction. 

11^   37.    A  rough  sphere,  resting  on  a  spherical  surface,   is 

I    drawn  from  its  position  by  means  of  two  unequal  weights 

P,  W,  joined  together  by  means  of  a  string,  which  passes  over 

the  summit.     Shew  that  the  angle  which  the  common  normal 

makes  with  the  horizon  is  2tan~*,  /-p,  and  the  coefficient  of 


friction  i(y/ J- J). 

Is  the  equilibrium  stable  or  unstable  ? 
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38.  To  a  weight  Q  placed  on  a  rough  horizontal  plane 
(coefficient  of  friction  cot  a)  is  attached  a  string  which  passes 
over  a  pulley  (7,  then  over  Q,  and  hanging  vertically  supports 
a  weight  P.  If  6  be  the  angle  which  CQ  makes  with  the  hori- 
zontal plane,  shew  that  in  the  limiting  position  of  equilibrium 

p_l_  Q 
sin  [<x  +  6)  =  -2P^  ^^^  ^' 

2P 
If  we  have  cosa>  -rj — tj?    ^  is  impossible.     Explain  this. 

39.  Two  hemispheres  are  fixed,  base  downwards,  upon 
a  horizontal  plane,  and  a  rod  rests  at  an  inclination  a  to  the 
horizon  on  the  highest  points  of  both,  the  coefficient  of  friction 
with  the  greater  and  less  being  tanX  and  tanX',  shew  that  the 
pressures  are  as 

sin  (a  —  X)  cosX'  :  sin  (X'  —  a)  cosX, 
if  the  rod  be  on  the  point  of  sliding.     Explain  the  result  if 
a  be  not  the  intermediate  to  X  and  X'. 

40.  Two  inclined  planes  have  a  coefficient  of  friction 
=  tanX  with  the  substance  of  which  a  hemispherical  cup  is 
made  ;  supposing  the  planes  at  right  angles,  and  one  inclined 
at  an  angle  a  to  the  horizon,  and  the  center  of  gravity  of  the 
cup  in  the  bisection  of  the  axis,  shew  that  the  limiting 
positions  of  equilibrium  of  the  cup  are  given  by  the  equation 

IT 

sin^  =  2/^/2  sinX  sin  (a  +  -  ±  X), 

where  6  is  the  inclination  of  the  axis  of  the  cup  to  the  vertical.  : 
« 

41.  AB  is  a  smooth  vertical  rod,  2n  equal  and  similar 
rods  are  moveable  about  their  extremities,  which  are  fixed  at 
A  J  like  the  ribs  of  an  umbrella.  To  each  of  them  is  attached^ 
at  a  point  whose  distance  from^  is  (c),  a  rod  without  weighl 
the  other  extremity  of  which  is  supported  by  a  small  rin( 
moveable  on  AB.  Prove  that  the  force  necessary  to  raise  th< 
ring  is  independent  of  its  position. 

42.  Two  small  rings  rest  on  the  circumference  of  a  smoot| 
vertical  circle,  being  attached  to  the  highest  point  by  meai 
of  two  strings  each  equal  to  the  radius  of  the  circle.     Each 
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the  strings  passes  through  another  ring  whose  weight  is  double 
either  of  the  others  and  wliich  hangs  freely.  Shew  that  when 
there  is  equilibrium  the  three  rings  will  rest  in  the  same 
horizontal  line. 

4eS.    A  string  fixed  to  any  point  A  passes  under  a  moveable 
mlly  B,  over  an  equal  fixed  pully  C,  round  B  and  C  again, 
ind  hanging  down  supports  a  weight.     Find  the  position  of 
[uilibrium,  and  the  limits  to  the  possibility  of  the  problem. 

44.  A  parabolic  lamina  cut  off  by  the  axis  is  placed  on 
smooth  horizontal  plane,  and  a  rod,  capable  of  motion  round 
hinge  in  the  horizontal  plane,  rests  against  the  lamina  so  as 

be  a  tangent  to  it. 
Find  the  horizontal  force  necessary  to  prevent  sliding. 

45.  An  isosceles  rectangular  wedge  has  its  upper  portion 
5moved  by  means  of  a  plane  parallel  to  its  base,  and  it  is 
len  held  in  a  position  such  that  its  base  makes  an  angle 

with  the  vertical.     If  four  equal  weights  be  attached  to 
string,  and  the  string  be  laid  on  the  wedge  so  that  one  of 
le  weights  hangs  freely,  and  each  of  the  others  rests  on  one 
}£  the  faces  of  the  wedge,  then 

^  =  2  sec"' 2*. 


46.  One  end  of  a  uniform  straight  rod  rests  against  a 
looth  vertical  wall.  A  smooth  ring  without  weight,  attached 
a  point  in  the  wall  by  an  inextensible  string,  slides  on  the 

)d.     If  6  be  the  angle  which  the  rod  makes  with  the  wall 

.  /  1  \*^ 

rhen  in  equilibrium,  and  if  the  length  of  the  string  be  (  -—  j 

)f  that  of  the  rod, 

cot^^  +  cot^-m  =  0. 

47.  Two  weights  support  each  other  on  two  smooth  in- 
lined  planes  which  have  a  common  vertex,  by  means   of 

string  which  passes  over  a  smooth  pulley  at  a  given  height 
ertically  above  the  vertex;  write  down  equations  for  de- 
jrmining  the  position  of  equilibrium,  and  the  tension  of  the 
ktring. 
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48.  A  rod  AB  placed  in  a  smooth  circle,  whose  plane 
is  vertical,  will  be  kept  in  equilibrium  in  any  position  by 

a  weight  applied  at  A  proportional  to  ^^,  AC  being  a  hori- 
zontal chord. 

49.  Two  equal  spheres  rest  in  a  paraboloid,  having  its 
axis  vertical,  and  touch  one  another  in  the  focus ;  shew  that 
the  mutual  pressure  of  the  spheres  is  half  the  pressure  of  either 
sphere  on  the  paraboloid. 

50.  Two  rods  similar  in  every  respect  are  capable  of 
motion  in  a  vertical  plane  round  a  common  fixed  pivot  at  one 
extremity  of  each,  and  they  are  kept  in  equilibrium  in  a  position 
inclined  to  the  horizon  by  a  string  placed  over  the  other  ends, 
and  kept  stretched  by  two  equal  weights  at  its  extremities. 
Find  the  position  of  equilibrium,  and  whether  it  is  stable. 

51.  A  series  of  rings  a^,  a^,  a^  are  fixed  at  equal  dis- 
tances (a)  in  the  same  horizontal  straight  line.  AB  is  a  rod, 
of  weight   Wj  and  length  naj  upon  which  a  number  of  rings 

b^j  h^, &„_j  without  weight,  slide  freely,     A  string  fastened 

to  the  end  A  of  the  rod,  passes  through  the  ring  a^,  then 
through  h^j  then  through  a^^  and  so  on,  till  after  passing  through 
a„,  it  hangs  freely  through  a  fixed  ring  at  the  end  B  of  the  rod, 
and  has  a  weight  F  attached  to  it.  Shew  that  if  AB  rests  in 
a  horizontal  position,  its  center  of  gravity  must  divide  it  in 
the  ratio  of  W—  P :  W-\-  P,  and  that  the  value  of  W  must  lie 
between  P  and  {2n  —  I)  P. 

52.  A  uniform  beam  AB,  of  weight  W,  and  length  4<t,  is 
moveable  in  a  vertical  plane  round  a  fulcrum  C  which  divides 
it  in  the  ratio  of  3  :  1.  A  weight  nW  slides  on  a  string  of  I 
length  4Z,  whose  two  ends  are  fastened  to  the  points  A  and  B 
respectively.  Shew  that  for  w  >  1  there  will  be  four  positions 
of  equilibrium,  or  only  two,  according  as 

7 .  2na 

/  IS  <  or  > . 

w  +  1 
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53.  ABj  BC  are  two  unifonn  rods  having  a  smooth  com- 
pass joint  at  B.  AB  moves  round  a  smooth  hinge  at  A^  and 
the  extremity  C  oi  BG  rests  on  a  rough  horizontal  plane 
passing  through  A.  Prove  that  in  the  limiting  position  of 
equilibrium 

cot  BCA  =  2  tsmX 

rhere  tanX  is  the  coefficient  of  friction. 

54.  Two  rods  have  their  ends  joined  by  a  compass-joint 
id  rest  in  a  circle  whose  plane  is  vertical,  prove  that  if  the 
)ds  are  at  right  angles  they  are  equally  inclined  to  the 
)rizon. 

55.  A  0  is  Si  smooth  rod  inclined  at  an  angle  a  to  the 
mzon,  ABj  BC  are  equal  rods  joined  by  a  compass-joint,  A 
fixed,  and  at  (7  is  a  ring  sliding  on  A  Cj  F  is  the  weight  of 
3h  rod.     Shew  that  in  the  position  of  equilibrium,  6  being 

le  inclination  of  each  to  the  fixed  rod, 
tan  6  =  ^  cot  a, 
id  the  pressure  on  the  fixed  rod  is  f  Pcosa. 

56.  A  weight  Wis  supported  by  means  of  a  string  attached 
the  junction  of  two  equal  strings  terminated  by  rings  each 

f  weight  P  sliding  on  a  smooth  vertical  circle,  c  =  radius  of 
,1     the  circle,  I  the  length  of  each  of  the  two  strings.     Shew  that 

Riere  are  three  positions  of  equilibrium,  if  — ^  is  less  than  ^. 
ir 


distinguish  the  stable  and  unstable  positions. 


57.  Two  equal  uniform  rods  are  connected  by  a  compass- 
Jint,  the  extremity  of  one  is  fixed,  and  to  that  of  the  other  is 

attached  a  string,  which  is  fixed  to  a  point  in  the  horizontal 
plane  through  the  fixed  extremity  of  the  first ;  shew  that  if  the 
rods  be  at  right  angles  the  mutual  pressure  at  the  joint  is  half 
the  weight  of  either  rod. 

58.  Two  similar  and  equal  smooth  uniform  rods,  AB,  BC, 
have  a  compass-joint  at  B,  a  ring  without  weight  slides  on 
BC,  being  attached  to  J^  by  a  string,  so  that  the  rods  can  rest 
with  their  ends  on  a  smooth  horizontal  plane.  Shew  that  the 
mutual  pressure  at  B  is  perpendicular  to  BC. 
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59.  Two  rough  spheres,  whose  centers  are  A  and  B,  are 
placed  in  contact  on  a  rough  inclined  plane.  If  a  be  the  angle 
which  AB  makes  with  the  inclined  plane,  shew  that  the 
equilibrium  is  impossible  unless  we  have 

sma>  j^^  ^„ 

where  W  and  W  are  the  weights  of  the  spheres. 

60.  Two  rods  BBj  BC  are  jointed  by  a  compass-joint  at 
Bj  and  are  similar  in  every  respect ;  DA  (J  is  a  string  attached 
to  D  and  (7,  and  equal  in  length  to  twice  the  length  of  either 
rod.  A  sphere  is  placed  between  the  two  rods,  find  its  weight 
in  order  that  the  rods  and  string  may  form  a  square. 

61.  A  sphere  a  Pa  rests  on  an  inclined  plane  BP^  coefficient 
of  friction  //,,  supported  by  a  smooth  rod  a'aAB,  without 
weight,  which  passes  freely  through  the  center  A,  and  through 
a  hole  B  in  the  plane.  If  ABP=  0,  and  a  =  inclination  of  the 
plane,  the  limiting  equation  of  equilibrium  is 

tan  6  +  tan  (a  —  ^)  =  fju. 
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I  ANALYTICAL  STATICS. 

1.    If  ABC  be  a  right-angled  triangle,  and  ABDE,  A  CFG 
the  squares  on  the  sides,  constructed  as  in  Euc.  I.  47,  prove 
that  the  resultant  of  forces  represented  by  CD^  BF  is  parallel 
a  diagonal  of  the  rectangle  whose  sides  are  AEj  A  G. 

2.  A  tube  in  the  form  of  a  parabola  is  placed  in  a  vertical 
me  with  its  axis  horizontal,  shew  that  a  heavy  particle 
ithin  it  rests  at  a  point  whose  abscissa  is 

a 

being  the  latus  rectum,  and  ft  the  coefficient  of  friction. 

3.  8  is  the  residence  of  a  central  force  =  //,  x  distance,  AB 
inclined  plane,  smooth  and  of  inclination  a.     Prove  that  if 

80  be  perpendicular  to  AB,  a  particle  will  rest  in  equilibrium 
the  plane  at  a  distance  from  G  equal  to 

^sina 

4.  A  central  attractive  force  =  /i.  x  distance  resides  in  the 
circumference  of  a  vertical  circle,  at  an  angular  distance  a  from 
the  highest  point,  shew  that  a  particle  will  rest  at  the  ex- 
tremity of  a  horizontal  diameter  if 

ftacosa=^, 

a  being  the  radius  of  the  circle. 

5.  The  axis  of  a  parabola  is  vertical,  an  attractive  force 

~  X  distance,  resides  in  the  vertex  which  is  the  highest  point, 

shew  that  a  particle  will  rest  either  at  the  extremity  of  the 
latus  rectum  or  the  vertex. 
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6.  A  particle  is  constrained  to  remain  in  the  curve  whose 
equation  is  ic"  +  ^"  =  c",  being  acted  on  by  two  forces  which 
vary  respectively  as  the  distances  from  the  axes.  Find  the 
positions  of  equilibrium,  and  explain  the  results  when  n  =  2, 

7.  If  a  rigid  body  be  acted  on  by  four  forces  represented 
in  magnitude  and  direction  by  the  sides  of  a  quadrilateral 
figure,  the  axis  of  the  resultant  couple  is  proportional  to  the 
area. 

8.  Two  opposite  forces  act  upon  an  ellipse,  in  the  direction 
of  tangents  at  the  extremity  of  a  diameter,  each  force  being 
proportional  to  the  diameter  conjugate ;  shew  that  they  form 
a  couple  whose  moment  is  constant. 

9.  Keduce  to  a  single  couple  two  couples,  the  forces  of  one 
of  which  are  represented  by  two  diagonals  of  opposite  faces  of 
a  cube,  and  those  of  the  other  by  the  edges  which  do  not 
meet  those  diagonals. 

10.  OAj  OB  bounding  radii  of  a  quadrant  are  taken  for 
the  axes  of  x  and  y^  BT=  OA  is  a  tangent  at  Bj  shew  that 
the  equation  of  the  resultant  of  forces  represented  by  BT^ 
BA,  and  A  0,  is 

X  -\-y  —  2o., 
where  a  is  the  radius. 

11.  Three  equal  rods  are  jointed  by  smooth  compass-joints 
at  the  extremities  so  as  to  form  an  equilateral  triangle.  Find 
the  direction  of  the  pressures  on  the  lower  joints  when  the 
triangle  is  suspended  by  one  angle. 

12.  Four  equal  rods  are  jointed  together  loosely  so  as  to 
form  a  quadrilateral  which  is  suspended  by  an  angular  point, 
and  prevented  from  collapsing  by  means  of  a  rod  without 
weight,  of  length  equal  to  the  diagonal.  Compare  the  tensions 
of  the  rod  when  acting  in  the  place  of  the  horizontal  and 
vertical  diagonal. 

13.  A  uniform  square  ABCD  has  one  side  AB  fixed  in 
a  horizontal  position,  and  is  kept  with  its  plane  horizontal  by 
a  support  at  (7,  one  of  the  angles,  find  the  pressures  on  the 
axis. 
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14.  A  rope  is  fastened  to  the  top  corner  of  a  door,  passes 
horizontally  over  a  pulley  in  the  doorway,  and  is  attached  to 
a  given  weight.  A  force  acting  perpendicular  to  the  door  at 
the  bottom  corner  keeps  it  open  at  a  given  angle,  find  the 
pressures  on  the  hinges. 

15.  Find  the  centers  of  gi-avity 

(1)  Of  a  sector  of  a  circle  whose  density  varies  as  the 
power  of  the  distance  from  the  center. 

(2)  Of  a  circular  ring  in  which  the  density  varies  as  the 
5tance  measured  in  one  direction  along  the  arc  from  a  given 

)oint. 

(3)  Of  the  arc  of  a  cardioid  (r  =  2acos^-). 

16.  The  density  of  a  circular  disk  varies  as  the  distance 
from  the  tangent  line  at  a  point  in  it ;  shew  that  the  distance 
of  its  centre  of  gravity  from  the  tangent  line  is  |*^^  of  the  radius 
of  the  circle. 

1 7.  Find  the  centre  of  gravity  of  the  area  included  between 
the  curves  whose  equations  are 

hx'  =  y\ 

Find  the  centre  of  gravity  of  the  area  included  by 
op  of  the  curve  r  =  a  sin^#. 

19.  Find  the  centre  of  gravity  of  a  solid  generated  by  an 
osceles  triangle,  which  always  has  the  same  vertical  angle 

and  moves  parallel  to  itself  with  the  extremities  of  its  base  in 
the  circumference  of  a  circle  to  which  its  plane  is  perpendicular. 

20.  Find  the  volume  generated  by  the  revolution 

(1)  Of  a  rhombus  about  a  line  through  a  given  angle  and 
parallel  to  a  given  diagonal. 

(2)  Of  the  portion  of  a  parabola  cut  ofi"  by  a  line  perpen- 
dicular to  the  axis  and  equal  to  twice  the  latus  rectum,  round 
the  directrix. 

H 
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21.  Find  the  volume  generated  by  a  square  revolving 
round  a  line  parallel  to  its  plane,  whose  orthogonal  projection 
on  the  square  is  a  diagonal. 

22.  Find  the  force  necessary  to  keep  two  rings  on  a  smooth 
horizontal  rod  asunder,  if  connected  by  a  string  whose  length 
is  ^*^  part  longer  than  the  distance  between  the  rings. 

23.  The  middle  link  of  a  chain  slides  on  a  smooth  hori- 
zontal rod  at  two  points  of  which  the  extreme  links  are  fixed. 
Shew  that  if  the  two  parts  of  the  chain  are  at  right  angles  the 
stress  on  the  middle  link  is  a  mean  proportional  between  the 
weight  of  the  chain  and  the  tension  at  one  of  the  lowest 
points. 

24.  Shew  that  the  center  of  gravity  of  any  arc  of  the 
catenary  lies  in  the  vertical  through  the  point  of  intersection 
of  the  tangents  at  the  extremity. 

25.  The  shortest  string  which  can  form  a  catenary  by 
resting  on  two  smooth  pegs  in  the  same  horizontal  line  is  «e, 
where  a  is  the  distance  between  the  pegs  and  e  the  base  of 
the  Napierian  system  of  logarithms. 

•26.    The  greatest  length  of  a  certain  chain  which  can  be 

suspended  from  one  end  without  breaking  is  I.     If  a  catenary 

2? 
be  formed  with  a  length  —  of  this  chain,  shew  that  the  greatest  \ 

distance  possible  between  the  points  of  support  (supposed  in  j 
the  same  horizontal  line)  will  be  ^ 

2^  /.     .Nil.     (m^W^ 


m 


-— -  j   is  always  less  than  unity. 

27.  Shew  that  if  a  chain  hangs  in  the  form  of  a  parabola 
having  its  axis  vertical,  the  density  varies  inversely  as  the 
perpendicular  from  the  focus  on  the  tangent. 


I 
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28.  A  string  fixed  at  two  points  is  acted  on  by  gravity 
and  a  constant  normal  pressure  p  referred  to  a  unit  of  length  ; 
a  is  the  weight  of  a  unit  of  length,  and  ccr  is  the  tension  at 
the  lowest  point.  Shew  that  the  direction  of  the  string  is 
vertical  at  a  height 

above  the  lowest  point. 

29.  A  semi-cycloid  is  placed  with  its  axis  vertical  and 
fertex   uppermost.      A   heavy  chain  having  one  extremity 

ced  at  the  vertex  and  equal  in  length  to  the  semi-cycloid  lies 
it;  find  the  tension  at  the  vertex. 

30.  Two  equal  weights  ( W^  are  connected  by  an  inex- 
jnsible  string  and  laid  over  a  portion  AB  of  a  smooth  curve, 
le  length  of  AB  being  less  than  that  of  the  string,  and  the 
mgents  at  A  and  B  making  angles  a  and  /3  with  the  vertical. 
Ihew  that  the  vertical  pressure  on  the  continuous  portion  of 
le  curve  is  equal  to 

TF(cosa-^cos/S). 
How  is  the  whole  weight  2  W  supported  ? 

31.  'Find  how  many  coils  must  be  taken  by  a  string  round 
rough  cylinder  in  order  that  a  weight  may  support  another 
times  as  great. 

32.  On  i)  (7  a  smooth  inclined  plane  a  weight  W  is  placed 
rhich  is  supported  by  means  of  a  string  passing  over  a  small 
)ugh  peg  at  (7,  under  another  at  B^  and  over  a  smooth  pulley 

^t  ^  in  DC  produced,  a  weight  P  being  suspended  at  the 
)ther  extremity.     Find  the  greatest  and  least  value  of  P  when 
'J5(7  is  horizontal  and  equal  to  GA. 

33.  A  ring  slides  on  a  smooth  parabolic  arc  placed  with 
its  axis  vertical  and  vertex  uppermost,  and  is  attached  to  the 
focus  by  an  elastic  string  whose  natural  length  is  equal  to  the 
semi-latus  rectum.  If  the  ring  could  just  double  the  length 
of  the  string,  when  hanging  from  a  point,  find  the  angle  the 
string  makes  with  the  axis  when  there  is  equilibrium. 

34.  An  elastic  string  is  fixed  at  one  extremity  A^  and  has 
a  small  ring  attached  to  the  other  extremity  C  which  slides  on 
a  smooth  rod  BD  moveable  round  a  fulcrum  B  below  A  and 

h2 
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at  a  distance  equal  to  BD  from  it.  If  the  natural  length  of 
the  string  be  equal  to  half  BD^  and  the  elasticity  such  that 
the  weight  of  the  rod  would  stretch  the  string  half  as  long 
again,  then  ACj  AB  and  4.BG  are  in  harmonic  progression. 

35.  An  endless  elastic  string  will  just  reach  round  two 
pegs  in  a  horizontal  plane ;  a  ring  whose  weight  would  double 
the  length  of  the  string  hanging  from  a  point  is  slung  on  it  ; 
shew  that  if  6  be  the  inclination  of  two  portions  of  the  string 
to  the  horizon, 

sin2^  =  2(V2-l). 

36.  A  slightly  elastic  string  when  unstretched  is  just  long 
enough  to  reach  between  two  hooks  in  the  same  horizontal 
line.  Shew  that  a  ring  of  weight  W  placed  at  its  middle 
point  will  sink  through 

2      ' 

e  being  the  measure  of  the  elasticity,  and  2a  the  distance  be- 
tween the  pegs. 

37.  A  sphere  is  suspended  by  means  of  an  elastic  band 
passing  under  it  and  hung  over  a  peg.  A  similar  band  passes 
over  the  top  of  the  sphere  and  supports  a  heavy  ring.  The 
natural  radius  of  either  band  is  the  same  as  that  of  the  sphere  ; 
and  its  elasticity,  such  that  the  weight  of  the  sphere  would 
stretch  a  piece  of  it  to  three  times  its  natural  length.  Find  the 
equations  for  determining  the  void  arcs  of  the  circles  of  contact. 

38.  One  end  of  a  heavy  elastic  string  is  attached  to  the 
highest  point  of  a  smooth  vertical  quadrant  of  a  circle,  shew 
how  to  determine  the  length  to  which  it  will  stretch, 

(1)  when  all  the  string  lies  on  the  quadrant; 

(2)  when  part  of  it  hangs  below  the  quadrant. 

39.  A  length  I  of  an  elastic  heavy  string  can  just  stretch 
a  small  portion  double  its  natural  length.  Shew  that  if  a  piece 
of  this  string  be  laid  on  a  semi-cycloid  of  length,  c  having  its 
axis  vertical,  and  the  string  be  fastened  at  the  vertex,  the 
length  which  will  just  reach  over  the  semi-cycloid  is 

c 


"'^     3^ 


-^?)»«^'-iy- 
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40.  Two  rods  are  capable  of  turning  round  two  hinges  in 
a  smooth  horizontal  plane,  supposing  them  to  rest  in  equi- 
librium on  a  smooth  hemisphere,  resting  on  the  plane,  find  by 
virtual  velocities,  or  by  any  other  method,  the  position  in 
which  either  rod  rests. 

41.  Two  particles  are  joined  by  a  string,  and  the  system 
is  in  equilibrium  on  the  convex  surface  of  a  cycloid  whose 

:is  is  vertical,  convexity  upwards,  shew  that  the  distances 
ilong  the  cycloid  from  the  highest  point  are  inversely  pro- 
)ortional  to  the  weights. 

42.  An    isosceles   triangle  is   in   stable   equilibrium   on 
vertical  circle,  if  the  height  be  less  than  three  times  the 

idius  of  the  sphere,  the  triangle  resting  on  its  base. 

43.  Find  the  least  radius  of  the  sphere  on  which  a  hemi- 
jphere  will  rest  in  stable  equilibrium. 

44.  If  a  hemispherical  shell  rests  on  a  sphere  of  the  same 
idius,""shew  that  the  equilibrium  is  what  is  called  neuter,  but 

that  it  is  unstable. 

45.  A  cone  rests  with  the  centre  of  its  base  on  the  vertex 
)f  a  perfectly  rough  paraboloid  of  revolution  whose  axis  is 
vertical.  Shew  that  the  equilibrium  will  be  stable  when  the 
leight  of  the  cone  does  not  exceed  twice  the  latus  rectum  of 
"le  paraboloid. 

46.  The  distance  of  the  center  of  gravity  of  a  cycloidal 

la 

rea  whose  generating  circle  has  radius  (a)  is  —  from  its  ver- 
tex, shew  that  the  area  will  rest  in  a  position  of  stable 
equilibrium  on  the  top  of  a  hemisphere,  if  the  radius  of  the 

hemisphere  be  greater  than  — -. 

47.  From  a  right  circular  cylinder  of  uniform  density  is 
cut  an  oblique  cylinder  by  two  parallel  sections,  making  an 
angle  a  with  its  axis,  the  length  of  the  cylinder  so  formed 
being  equal  to  the  diameter  of  the  base  of  the  original  one. 
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If  this  oblique  cylinder  be  placed  with  one  of  its  ends  on 
a  rough  horizontal  plane,  determine  how  a  given  couple  must 
be  applied  so  as  to  produce  the  greatest  effect  towards  upsetting 
it,  and  shew  that  if  6  be  the  angle  between  the  vertical  plane 
in  which  the  couple  acts,  and  the  vertical  plane  containing  the 
axis  of  the  cylinder  we  have,  when  a  is  <  45°, 

tan^  =  (cosec^a  —  sec^a)*  cot  a. 

What  will  be  the  value  of  6  when  a  is  greater  than  45°? 


i 
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1.  AB=BC=CI)  =  &c,,  A,  B,  Cj  D  being  points  in 
vertical  straight  line ;  if  a  body  falls  from  A,  shew  that  the 

les  in  ABy  BG,,..  are  as 

1  :  V2-1  :  V3-V2  :  .... 

2.  A  body  which  has  fallen  from  rest  is  observed  at  one 
)ortion  of  its  path  to  fall  through  m  feet  in  n  seconds ;  find 

the  number  of  feet  described  in  the  next  n  seconds. 

3.  A  locomotive  is  travelling  at  the  rate  of  60  miles  an 
lOur,  shew  that  if  it  were  suddenly  stopped,  the  violence  of 
"le  concussion  would  be  nearly  as  great  as  if  it  fell  from 

height  of  40  yards. 

I   4.    32.2  being  the  measure  of  gravity  when  a  foot  is  the 
lit  of  space,  and  a  second  that  of  time, 

(1)  find  the  measure  of  gTavity,  when  the  unit  of  time  is 
seconds,  and  the  unit  of  space  is  2  feet. 

(2)  find  the  unit  of  time  when  the  measure  of  gravity  is 
,  and  the  unit  of  space  is  a  yard. 

(3)  find  the  unit  of  space,  when  the  measure  of  gravity 
14,  and  the  unit  of  time  5  seconds. 

5.  What  is  the  inclination  of  an  inclined  plane  such  that 
le  accelerating  force  on  a  body  sliding  down  it  may  be  16  feet, 
le  unit  of  time  being  a  second  ? 

6.  Since  \J[2fs)  is  the  velocity  generated  in  moving  through 
3e  s,  when  there  is  no  initial  velocity,  by  the  second  law  of 

lotion,  w  +  \/(2/s)  is  the  velocity,  when  there  is  a  velocity  u 
projection.     Point  out  the  fallacy  in  this  argument. 
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7.  A  number  of  particles  are  projected  in  all  directions 
from  a  given  point,  with  the  same  velocity,  under  the  action 
of  gravity,  prove  that  they  all  lie  in  one  sphere  at  every 
instant. 

8.  An  engine  starts  a  train  with  a  pressure  which  continues 
uniform  for  5  minutes,  when  it  is  found  that  the  train  is  moving 
at  the  rate  of  23  miles  per  hour.  If  the  pressure  remained 
uniform  for  15  minutes  find  the  velocity  of  the  train ;  and, 
assuming  that  ^  =  32.2,  shew  that  this  pressure  :  the  weight 
of  the  train  as  11  :  3150. 

9.  A  is  the  highest  point  of  a  vertical  circle,  and  AB  any 
chord.  A  circle  is  described  on  AB  as  diameter,  and  a  tangent 
is  drawn  at  B  to  the  former  circle,  and  meeting  the  latter  in  (7. 

Shew  that  the  time  of  descent  down  BCis  constant. 

10.  AB  is  the  vertical  diameter  of  a  circle,  through  A  the 
highest  point  any  chord  AC  is  drawn,  and  through  C  a  tangent 
meeting  the  tangent  at  B  in  the  point  T,  Shew  that  the  time 
of  a  body's  sliding  down  CT 

11.  A  body  begins  to  slide  from  the  highest  point  of 
a  parabola  having  its  axis  vertical,  shew  that  at  any  point  the 
velocity  varies  as  the  horizontal  distance  described. 

12.  Two  weights,  one  of  which  is  double  the  other,  are 
placed  upon  two  smooth  inclined  planes,  which  have  a  common  , 
vertex,  and  each  of  which  is  inclined  at  30°  to  the  horizon, 
and  are  connected  by  means  of  a  fine  string  passing  over 
a  small  pulley  at  the  highest  point  of  the  planes ;  find  the 
accelerating  force,  and  shew  that  if  the  length  of  the  string  b( 
equal  to  that  of  either  plane,  and  the  heavier  weight  start 
from  the  highest  point,  the  two  weights  will  reach  the  grounc 
at  the  same  time,  if  the  string  be  cut  when  one-sixth  of  it  hi 
passed  over  the  pulley. 

Shew  also  that  the  times  of  motion  before  and  after  cutting 
the  string  are  each  equal  to  the  time  of  a  body's  falling  freely' 
under  the  action  of  gravity  through  a  height  equal  to  the 
length  of  either  plane. 


ELEMENTARY   DYNAMICS.  105 

13.  A  tangent  at  any  point  P  of  a  circle  meets  the 
tangents  at  the  extremities  of  a  vertical  diameter  in  D  and  C 
respectively.  If  t,  t\  T  be  the  times  of  sliding  from  rest 
down  GP,  DP,  i>  (7  respectively,  shew  that 

t'.t': :  BP :  AP,  and  that  T  varies  as  tt'. 

14.  AP  is  a  circular  rim  against  which  a  ball  moves  in 
[direction  parallel  to  the  radius  at  A ;  shew  that  if  after  impact 
[the  ball  moves  at  right  angles  to  its  former  direction, 

^P=atan"^e^ 
'■here  a  is  the  radius  and  e  the  elasticity. 

15.  Let  ABC  be  a  triangle,  Z>,  Ej  F  the  points  where 
the  circle  inscribed  in  it  meets  the  sides  BG,  GA,  AB  re- 
spectively ;  shew  that  if  a  ball,  of  elasticity  e,  be  projected 
from  J)  so  as  to  strike  AG  in  E,  and  then  rebound  to  F, 
AF=:e.  GE.     If  the  ball  return  to  D,  AB  =  e.AG. 

16.  A  ball  of  elasticity  e  is  projected  from  a  point  P  in 
a  parabola,  and  impinges  at  the  vertex  on  a  plane  perpen- 
dicular to  the  axis.  Shew  that  if,  after  impact,  the  ball 
moves  in  a  direction  parallel  to  SY, 

e.SP={2  +  e)A8', 

if  it  passes  through  the  extremity  of  the  focal  chord  through  P, 

SP={l+e).AS. 

17.  A  body  is  projected  from  a  point  in  a  horizontal 
plane  at  an  angle  of  45°,  shew  that  the  time  of  flight  is  the 
same  as  if  gravity  ceased  to  act  and  the  body  supposed 
perfectly  elastic,  were  reflected  at  the  directrix  to  the  hori- 
zontal plane. 

18.  An  ellipse  stands  in  a  vertical  plane  with  its  major 
axis  horizontal.  A  body,  acted  on  by  gravity,  is  projected 
from  one  end  of  the  major  axis,  so  as  to  pass  through  the 
extremity  of  the  minor  axis,  and  then  through  the  other  end 
of  the  major  axis.  Shew  that  the  semi-axis  major  is  a  mean 
proportional  between  the  semi-axis  minor  and  the  latus  rectum 
of  the  parabola  described. 
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19.  A  ball  is  projected  from  a  point  in  a  horizontal  plane, 
and  makes  one  rebound,  shew  that,  if  the  second  range  is 
equal  to  the  greatest  height  which  the  ball  attains, 

tan  a  =  4e, 

a  being  the  angle  of  projection,  and  e  the  measure  of  elasticity. 

20.  A  and  B  are  two  balls  whose  relative  elasticity  is  f 
and  the  mass  of  A  is  double  that  of  B,  if  they  move  in  opposite 
directions,  the  velocity  of  B  being  double  that  of  A^  investigate 
the  velocities  after  impact. 

21.  Equal  rings,  which  are  inelastic,  are  arranged  at  equal 
distances  along  a  smooth  horizontal  rod,  shew  that  if  one  of 
them  receive  any  velocity,  the  velocities  over  the  diiFerent 
intervals  are  in  harmonic  progression,  and  the  time  of  reaching 
a  distance  c  is  to  the  time  of  describing  the  next  interval  as 
c  is  to  double  each  interval,  c  being  an  entire  number  of 
intervals. 

22.  A  perfectly  elastic  ball  is  projected  obliquely,  and  on 
reaching  its  highest  point  strikes  directly  another  equal  ball 
hanging  by  a  string  from  the  directrix  of  its  path,  shew  that 
the  struck  ball  will  just  reach  the  directrix. 

23.  If  a  ball  be  projected  from  a  point  in  an  inclined 
plane,  in  a  direction  such  that  the  range  on  the  plane  is  the 
greatest,  shew  that  the  direction  of  motion,  on  striking  the 
plane,  is  perpendicular  to  the  direction  of  projection. 

24.  If  the  focus  of  the  path  of  a  projectile  be  as  much 
below  the  horizontal  plane  through  the  point  of  projection,  as 
the  highest  point  of  the  path  is  above  it,  shew  that  the  secant 
of  twice  the  angle  of  projection  =  3. 

25.  A  parabola  has  its  axis  horizontal,  and  a  perfectly 
elastic  particle  slides  down  a  focal  distance,  and  rebounds  at 
the  axis,  find  the  range,  and  shew  that  the  greatest  range  is 
when  the  focal  distance  is  inclined  at  60°  to  the  axis,  reckoned 
from  the  vertex. 


I 
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26.  AC  is,  an  inclined  plane,  AB  is  horizontal,  angle 
CAB=a  is  the  inclination  of  the  plane,  AB  =  a,  the  elasticity 
of  a  ball  projected  from  B  vertically  upwards  towards  the 
plane  =  e  =  tan^a;  prove  that,  after  striking  the  plane,  the 
motion  is  horizontal,  and  if  the  velocity  be  that  due  to  twice 
the  height  of  the  point  struck,  the  range  measured  from 
B=  2ae ;  also  the  range  after  the  rebound  from  the  horizontal 
plane  =  Aae^. 

27.  A  parabola  is  placed  with  its  vertex  uppermost,  and 
axis  vertical,  shew  that  a  perfectly  elastic  particle  projected 
vertically  upwards  will  after  two  rebounds  at  the  curve  de- 
scend vertically  if  the  velocity  at  the  first  impact  be  that  due 
to  the  latus  rectum,  and  the  point  of  first  impact  be  at  a 
distance  equal  to  the  latus  rectum  from  the  focus;  Also,  find 
the  greatest  height. 

28.  From  a  point  in  the  extreme  ordinate  of  a  parabola 
placed  with  its  vertex  downwards  and  axis  vertical,  a  perfectly 
elastic  ball  is  let  drop  so  as  to  impinge  on  the  curve  at  one  of 
the  extremities  of  the  latus  rectum ;  shew  that  if  the  .length 
of  the  axis  be  equal  to  half  the  latus  rectum  (Z),  the  ball 
will  return  to  the  point  from  which  it  fell,  at  the  end  of  the 
time 

'(f)* 

29.  If  a  ball  of  mass  w,  strikes  another  of  mass  nm  at 
rest,  the  inclination  of  its  direction  to  the  line  joining  the 
centres  at  the  time  of  impact  being  30°,  find  n  in  order  that 
m  may  go  off  perpendicular  to  its  original  direction.  What 
is  the  limit  of  the  elasticity  in  order  that  this  may  be  the 
case  ?     Explain  the  result  when  e  =  J. 

30.  An  elastic  ball  strikes  an  equal  ball  at  rest,  the 
direction  of  motion  of  each  ball  after  impact  makes  the  same 
angle  with  that  of  the  striking  ball  before  impact ;  shew  that 
the  angle  is 


where  e  is  the  elasticity. 


tan  ^62 
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31.  Two  balls  move  with  equal  velocity  at  right  angles  to 
each  other  and  their  directions  make  equal  angles  with  the 
line  joining  the  centers,  they  are  reflected  so  that  their  di- 
rections make  angles  cot"*^,  and  cot  ^J  with  the  same  line, 
shew  that  the  ratio  of  the  masses  is  8  :  9. 

32.  Two  equal  and  perfectly  elastic  balls  move  along 
a  table  with  equal  velocities,  in  directions  at  right  angles  to 
each  other,  and  impinge,  so  that  the  line  joining  their  centers 
is  immediately  over  the  edge.  If  the  velocity  of  each  ball  be 
that  acquired  in  falling  through  a  height  equal  to  half  that  of 
the  table,  shew  that  the  distance  between  the  points  where 
the  balls  strike  the  floor  is  double  the  height  of  the  table. 

33.  An  elastic  ball  is  projected  from  the  focus  of  an 
elliptic  billiard-table,  so  as  to  pass  through  the  extremity  of 
the  minor  axis,  and  then  through  the  extremity  of  the  major 
axis.  Shew  that  the  time  of  reaching  this  point  is  the  same 
as  if  the  ball  had  been  projected  with  the  same  velocity  from 
the  other  extremity  of  the  major  axis  to  the  opposite  directrix. 

34.  A  tube  of  small  bore  and  open  at  both  ends  is  bent 
into  the  form  of  two-thirds  of  the  circumference  of  a  circle  and 
is  placed  in  a  vertical  position  with  the  line  joining  the  open 
ends  horizontal.  If  two  equal  balls  start  from  the  highest 
point,  shew  that  after  leaving  the  tube  they  will  impinge  at 
a  point  whose  distance  below  the  open  ends  equals  the  diameter, 
and  if  the  elasticity  is  one-third,  the  distance  between  the 
directrices  of  the  parabolas  described  before  and  after  impact 
is  one-sixth  of  the  diameter. 

35.  A  cannon  is  pointed  in  a  direction  making  an  angle 
of  30°  with  the  horizontal  plane  on  which  it  stands,  and  fired 
against  a  fort.  It  is  then  drawn  f  of  a  mile  nearer  the  fort, 
and  pointed  in  the  same  direction  as  before,  when  it  is  observed 
that  the  ball  strikes  the  fort  in  the  same  point  as  in  the  former 
case.  If  the  greatest  distance  which  the  cannon  can  throw  the 
ball  is  one  mile,  shew  that  the  height  of  the  point  which 
the  ball  strikes  is  165  feet  above  the  horizontal  plane  on 
which  the  cannon  stands. 
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36.  A  perfectly  elastic  ball  is  projected  from  the  middle 
point  of  one  of  the  sides  of  an  equilateral  three-cornered  room, 
it  strikes  the  two  other  sides  and  returns  to  the  point  of  pro- 
jection.    If  a  be  the  length  of  a  side  of  the  room,  and  the 

velocity  of  projection  be  that  due  to  the  height  — ;  shew  that 

the  ball  must  be  projected  at  an  angle 

ism'*- 


I 


37.    A  number  of  particles  slide  down  radii  of  a  circle 
ose  plane  is  vertical,  starting  from  the  circumference,  the 
us  of  a  particle  which  has  attained  a  given  velocity  is 
curve  whose  equation  is 

(r  —  a)  cos  O  —  h. 


38.  A  perfectly  elastic  ball  is  projected  from  a  point  in 
a  vertical  wall,  so  as  to  rebound  against  another  vertical  wall, 
parallel  to  the  former,  find  what  must  be  the  angle  of  pro- 
jection in  order  that  if  the  velocity  of  projection  be  that  due 
to  m  times  the  distance  of  the  planes,  it  may  return  to  the 
point  of  projection,  or  the  point  opposite  to  it  in  the  other 
plane,  after  m  rebounds. 

39.  P  is  the  extremity  of  the  latus  rectum  in  a  rectangular 
hyperbola,  having  its  transverse  axis  vertical.  Prove  that  if 
*,  <'  be  the  times  of  sliding  from  rest  from  the  centre  of  the 
circle  of  curvature  at  P  to  P,  and  from  P  to  the  centre  of 
the  hyperbola,  then 

e\  e-.:  3  :  V2. 

40.  AP,  PB  are  chords  of  a  semicircle  whose  diameter  AB 
is  vertical :  particles  falling  down  AP,  PB  respectively  start 
simultaneously,  shew  that  the  least  distance  between  them  is 
equal  to  the  distance  of  P  from  AB. 

41.  Two  masses  move  uniformly  from  the  point  of  inter- 
section of  the  two  straight  lines  which  are  their  paths,  their 
velocities  are  inversely  proportional  to  their  masses,  shew  that 
their  centre  of  gravity  describes  the  line  bisecting  the  angle 
between  them ;  and  find  with  what  velocity. 
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42.  A  body  is  projected  from  a  given  point  A  with 
a  given  velocity  and  in  a  given  direction.  After  a  lapse  of 
m  seconds  another  equal  body  is  projected  from  the  same 
point  so  that  the  line  joining  the  two  bodies  always  passes 
through  A.  Shew  that  the  paths  of  the  two  bodies  and  that 
of  their  centre  of  gravity  will  be  equal  parabolas. 

43.  A  perfectly  elastic  ball  is  projected  up  a  plane  in- 
clined .at  30°  to  the  horizon.  If  the  direction  of  the  ball's 
motion  makes  an  angle  of  30°  with  the  plane,  shew  that  after 
rebounding  from  the  plane,  the  ball  will  ascend  vertically. 

44.  Tangents  at  points  P,  Q  in  the  parabolic  path  of  a 
projectile  meet  in  T.  K  /S'be  the  focus,  shew  that  the  velocity 
due  to  the  height  8T  is  a  mean  proportional,  between  the 
velocities  at  P  and  Q, 

45.  A  body  of  elasticity  e  is  projected  from  a  point  in 
a  horizontal  plane.  If  the  distance  of  the  point  of  n^^  impact 
be  equal  to  four  times  the  sum  of  the  vertical  spaces  described, 
the  tangent  of  the  angle  of  projection  is 


l+e" 


46.  An  elastic  ball  is  projected  up  a  plane  inclined  at 
an  angle  a  to  the  horizon,  and  after  one  rebound  it  passes 
through  a  horizontal  bore  at  a  fixed  point  in  the  plane,  just 
large  enough  to  admit  it,  shew  that  if  y8  be  the  angle  of  pro- 
jection with  the  plane 

cot/8  =  2(l +  e)tana  +  ecota. 

47.  A  body  is  projected  at  an  angle  a  to  the  horizon  so  as 
just  to  clear  two  walls  of  equal  height  a,  and  at  a  distance  2a 
from  one  another ;  shew  that  the  range  is 

2acot-. 

48.  Jf,  m  are  the  masses  of  two  perfectly  elastic  balls,  and 
m  is  placed  at  a  certain  distance  from  a  vertical  plane ;  if  M 
strike  m  with  a  certain  velocity  in  such  a  direction  that  m  on 
the  rebound  meets  if  again,  the  motion  being  horizontal,  shew 
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that,  in  order  that  M  may  have  travelled  over  half  the  distance 
between  the  original  position  of  m  and  the  wall  before  meeting 
m,  M=  3m.    Also  find  their  velocities  after  the  second  impact. 

49.  An  elliptic  tube  of  small  bore  is  placed  with  its  major 
axis  vertical,  and  two  equal  balls  whose  common  elasticity  is 
equal  to  the  excentricify  of  the  ellipse  start  from  the  extremi- 
ties of  the  minor  axis ;  shew  that  after  impact  each  of  the 
balls  will  rise  to  a  point  whose  distance  from  the  minor-axis 
is  equal  to  the  semi-latus  rectum. 

50.  A  room  is  twice  as  high  as  it  is  broad,  shew  that,  if 
a  perfectly  elastic  ball  be  projected  against  one  of  the  walls 
with  a  velocity  which  would  be  acquired  in  falling  from  a 
height  {f  of  the  height  of  the  room,  it  will  return  to  the  point 
of  projection  if  the  angle  of  projection  be  tan~^  y ,  and  explain 
how  the  angle  tan"^5  satisfies  the  condition. 

51.  From  the  highest  point  of  a  vertical  circle,  a  chord 
AP  is  drawn,  making  an  angle  6  with  the  vertical  diameter 
AB.  A  perfectly  elastic  heavy  body  impinges  on  the  concave 
circumference  at  P  in  the  direction  APj  and  with  the  velocity 
acquired  down  AP.  Shew  that  if  after  rebounding  from  the 
curve  it  passes  through  B 

sin^  +  2sin5^  =  0. 
Solve  this  equation. 

52.  A  tube  of  small  bore  is  bent  into  the  form  of  a  regular 
hexagon  which  is  held  with  two  of  its  sides  vertical ;  if  from 
the  highest  point  a  smooth  inelastic  particle  be  let  fall,  find 
how  high  it  will  rise  after  passing  the  lowest  point. 

53.  Two  weights  P,  Q  which  are  attached  at  difierent 
points  of  a  fine  string  which  is  attached  to  a  fixed  point,  are 
revolving  uniformly  with  a  given  angular  velocity  round 
a  vertical  line  in  a  state  of  relative  equilibrium,  determine 
the  inclination  of  the  two  parts  of  the  string  to  the  vertical. 

54.  a  is  the  inclination  of  an  inclined  plane  to  the  horizon, 
P  that  of  the  direction  of  projection  of  a  projectile  to  the  in- 
clined plane,  e  the  elasticity  of  the  plane.  Shew  that,  if,  after 
two  rebounds,  the  projectile  arrives  at  the  point  of  projection, 

cot/3=(l+^  +  e')tana. 
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55.  The  length,  breadth,  and  height  of  a  room  are  as  8,  2,  5. 
From  a  point  in  one  of  the  corners  half-way  between  the  floor 
and  the  ceiling,  a  perfectly  elastic  ball  is  projected  against  the 
longer  of  the  opposite  walls,  and  after  rebounding  just  reaches 
the  middle  point  of  the  ceiling.  Shew  that  if  6  be  the  angle 
of  elevation  at  which  the  ball  is  projected,  and  <f)  the  angle 
which  the  plane  of  motion  makes  with  the  shorter  wall, 

cot<^  =  -,  cot^  =  2^cos  (  — 

56.  AB  is  a  smooth  inclined  plane  terminating  in  the 
smooth  horizontal  plane  BG,  A  number  of  balls  slide  down 
diiferent  lengths  of  AB,  and  are  reflected  by  BG.  Shew  that 
if  they  all  strike  BG  again  at  the  same  distance  from  B,  their 
elasticities  must  vary  inversely  as  the  lengths  of  AB  severally 
described  by  them. 

57.  Two  masses  m,  m  are  connected  by  an  inextensible 
string  which  passes  over  a  smooth  peg,  and  the  system  is 
allowed  to  descend  under  the  action  of  gravity.  At  the  end 
of  an  interval  r,  a  mass  /-t  is  suddenly  attached  to  the  smaller 
of  the  two  masses,  and  this  operation  is  repeated  at  the  end  of 

each  succeeding  interval  r.     Shew  that  if  — — ^^^2^1^  ^^  ^^  •j^_ 
teger  [p),  the  system  will  come  to  rest  at  end  of  the  time 

{p+l)T. 
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1  4-  2x 

Find  the  limit  of -r ,  (1)  when  x  is  diminished  in- 

2+x' ^  ' 

efinitely,    (2)  when  x  is  increased  indefinitely. 

2.  OAj  OBj  and  OC,  01),  are  two  pair  of  perpendicular 
radii  in  a  circle  whose  centre  is  0  ;  if  ABj  CD  intersect  in  P, 
shew  that  ultimately  when  G  approaches  A^  P  will  bisect  AB. 

3.  Find  the  limit  of 

1.3  +  3.5  +  ...(2n-l)(2yi+l) 

when  n  is  indefinitely  increased. 

4.  Shew  that  the  areas  of  segments  of  a  parabola  whose 
bases  contain  the  focus  vary  as  the  cube  of  the  greatest 
breadths  of  the  segments  measured  perpendicular  to  the  base. 

5.  Apply  Lemma  II.,  to  find  the  area  of  a  curve  in  which 

the  abscissa  varies  as  the  cube  of  the  ordinate. 

6.  Two  equal  parabolas  are  described  passing  through  the 
comers  of  a  square,  and  touching  at  their  vertices  in  its  centre ; 
find  the  centre  of  gravity  of  one  of  the  portions  included  be- 
tween them  and  a  side  of  the  square. 

7.  Find  the  volume  generated  by  the  revolution  of  a 
rectangle  about  one  of  its  diagonals. 

I 
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8.  BA  C  is  an  arc  of  continued  curvature,  BA  and  CA  a 
in  a  constant  ratio,  and  the  tangent  at  A  cuts  the  chord  01 
in  D,     Shew  that  ultimately,  when  B  and  C  approach  A, 

DBiDGiiAB'iACP.  i 

9.  Shew  that  the  locus  of  the  foci  of  all  parabolas  having 
the  same  curvature  as  a  curve  at  a  given  point,  is  a  circle. 

10.  A  circle  touches  a  parabola  in  P,  and  its  axis  in  th( 
focus.  Prove  that  the  radius  of  curvature  at  P  is  four  times 
the  radius  of  the  circle.  Also  that  the  chord  of  the  circle  oJ 
curvature  which  touches  this  circle,  at  the  point  where  th( 
normal  meets  it,  is  to  the  latus  rectum  as  4  :  3. 

11.  K  the  circle  of  curvature  at  a  point  Pof  a  parabols 
passes  through  the  other  extremity  of  the  focal  chord  through 
P,  and  the  tangent  at  P  meets  the  axis  in  T,  then  the  triangle 
FST  will  be  equilateral,  and  the  distance  of  the  center  of  the 
circle  of  curvature  from  the  directrix  will  equal  the  latus 
rectum. 

12.  Half  the  chord  of  curvature  through  a  focus  of  an 
ellipse  is  a  harmonic  mean  between  the  focal  distances. 

13.  If  (r  be  the  foot  of  the  normal  to  an  ellipse  at  P,  and 
GK  perpendicular  to  PG  meet  PS  in  Kj  shew  that  2PK  is 
the  chord  of  curvature  at  P  through  S. 

14.  A  body  describes  an  ellipse  round  a  force  in  the 
center.  If  MPQ  be  an  ordinate  meeting  the  auxiliary  circle 
in  Qj  M'P'  Q  another  ordinate  meeting  the  circle  in  Q\  prove 
that  the  time  of  describing  the  arc  PP'  varies  as  the  anffle 

Qcq. 

15.  A  particle  describes  a  parabola  round  a  force  in  tb 
focus.  A  is  the  vertex,  L  the  extremity  of  the  latus  rectum 
P  a  point  whose  distance  from  the  axis  is  the  length  of  th 
latus  rectum.     Prove  that  the  time  in  AL  :  time  in  LP : :  2  :  5, 

16.  A  body  revolves  in  an  ellipse  round  a  force  in  the 
center,  and  PQ  is  a  chord  equal  to  half  the  axis  major  and 
parallel  to  it.  Shew  that  the  times  of  moving  from  A  to  P, 
and  from  P  to  Q  are  equal. 
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17.  Two  bodies,  under  the  action  of  the  same  centre  of 
force  in  the  focus,  start  from  opposite  extremities  of  the  major 
axis  and  describe  the  same  ellipse.  Prove  that  the  ratio  of 
the  times  of  aniving  at  the  extremity  of  the  latus  rectum  is 

a  cos~^€  —  he 


a  cos  ^6  +  h^ 
jing  the  eccentricity  of  the  ellipse. 


r 

!■■  18.  A  body  describes  a  parabola  round  a  force  in  the 
Tocus.  If  v^  v  be  the  velocities  at  the  extremities  of  any  focal 
I  chord,  V  at  the  extremity  of  the  latus  rectum,  then 

19.    The  Moon  moves  round  the  Earth  in  27  days  7  hours 
'nearly,  gravity  at  the  Earth's  surface  will  draw  a  body  16  feet 
from  rest  in  one  second  nearly,  the  radius  of  the  Earth  is  4000 
i  miles  nearly ;  find  the  distance  of  the  Moon  approximately. 

I       20,    Compare  the  tension  of  a  string  to  which  a  weight  is 
\  attached  which  revolves  round  a  point  in  a  horizontal  circle 
I  ten  times  in  a  second  with  the  weight  itself,  the  string  being 
a  yard  long. 

21.  A  weight  is  placed  on  a  smooth  inclined  plane,  to 
?  which  it  is  attached  by  a  string  just  capable  of  supporting 

a  weight  double  the  weight  on  the  plane ;  find  the  greatest 
I  inclination  of  the  plane,  in  order  that  the  string  may  bear  the 
I  weight,  just  revolving  completely  round  the;  point  of  attach- 
'  ment. 

22.  Shew  that  in  the  elliptic  orbit  described  under  the 
action  of  a  force  tending  to  a  focus,  the  angular  velocity  round 
the  other  focus  varies  inversely  as  the  square  of  the  diameter 
parallel  to  the  direction  of  motion. 

23.  A  string  passes  round  two  pegs  in  a  horizontal  plane, 
and  two  equal  rings  sliding  on  it  are  projected  from  the  point 
when  they  are  equally  distant  from  each  peg  with  equal 
velocities,  so  as  to  keep  the  string  tight;  shew  that  each 
describes  a  parabola  with  uniform  velocity,  and  find  the 
tension  of  the  string  for  any  position. 

I2 
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24.  A  ring  slides  on  a  string  which  is  placed  on  a  smooth 
horizontal  table,  round  two  pegs  ;  shew  that  the  ring,  if  pro- 
jected so  that  the  strings  are  tight,  will  describe  an  ellipse 
with  uniform  velocity,  and  that  the  tension  of  the  string  varies 
inversely  as  the  product  of  the  distances  from,  the  pegs. 

25.  Shew  that  if  a  body  revolves  in  a  .circle  round  a  center 
of  force  in  the  circumference,  the  time  in  a  quadrant  com- 
mencing from  the  extremity  of  the  diameter  through  the  center 
of  force  is 

where  /x  is  the  absolute  force,  and  R  the  radius  of  the  circle. 

26.  Shew  that  when  an  ellipse  is  described  under  the 
action  of  a  force  tending  in  a  direction  perpendicular  to  the 
major  axis,  the  velocity  varies  as  the  secant  of  the  angle 
which  the  direction  of  motion  makes  with  the  major  axis. 

27.  A  body  is  revolving  in  a  circle  round  a  force  in  the 
center,  find  the/  new  orbit  described  if  the  force  be  suddenly 
transposed  to  the  further  extremity  of  the  diameter  passing 
through  the  body.     Force  cc  distance. 

28.  Two  small  equal  elastic  balls  revolve  in  a  circle  in 
opposite  directions  about  a  force  in  the  center  which  varies  as 
the  distance.  Shew  that  if  sin  a  be  the  elasticity  of  the  balls, 
then  cos  a  will  be  the  excentricity  of  the  ellipse  in  which  they 
move  after  impact. 

29.  A  body^  is  describing  a  circle  under  the  action  of 
a  force  which  tends  to  the  centre,  and  which  varies  as  the 
distance ;  shew  that,  to  whatever  point  the  centre  of  force  be 
transposed,  the  difference  of  the  semi-axes  of  the  new  orbit  is 
the  distance  of  that  point  from  the  centre  of  the  circle. 

30.  A  particle  is  revolving  in  a  circle  round  a  force  which 
varies  as  the  distance,  the  center  of  force  is  suddenly  trans- 
ferred to  the  extremity  of  the  diameter  through  the  particle 
and  becomes  repulsive ;  shew  that  the  eccentricity  of  the  new 

orbit  IS -V. 
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31.  A  body  is  revolving  in  an  ellipse,  about  a  force 
tending  to  the  center,  and  when  it  arrives  at  an  extremity  of 
one  of  equal  conjugate  diameters,  the  force  becomes  repulsive ; 
shew  that  the  transverse  axis  of  the  hyperbolic  orbit  is  a  geo- 
metric mean  between  the  axes  of  the  ellipse. 

32.  A  particle  is  describing  an  elliptic  orbit  round  the 
centre  C,  and  when  it  arrives  at  B^  the  extremity  of  the  minor 
axis,  the  force  is  suddenly  transferred  to  the  k)cu8  8,  shew 
that  the  major  axis  of  the  new  orbit  bisects  the  angle  BSGj 
and  that  if  a,  &,  a,  /3  be  the  semiaxes  of  the  old  and  new 
orbits, 

a-h'.a^h::  [a- 13)':  (a^-/3)^ 

33.  A  body  is  revolving  in  an  ellipse  round  a  force  in  the 
center,  and  when  it  arrives  at  the  extremity  of  the  major 
axis,  the  center  of  force  is  transferred  to  the  further  focus, 
shew  that  the  (eccentricity)^  of  the  new  orbit 

2e 
1+e' 
e  being  that  of  the  old  orbit. 

34.  If  a  particle  describe  an  ellipse  under  the  action  of 
a  force  tending  to  the  focus,  and  -u,  v  be  the  velocities  at  two 
points  equally  distant  from  the  axis  on  the  same  side,  V  the 
velocity  at  the  extremity  of  the  minor  axis ;  prove  that 

35.  A  body  is  projected  with  the  velocity  equal  to  that  in 
a  circle  at  the  same  distance  from  a  center  of  force  varying 
inversely  as  the  square  of  the  distance,  shew  that  the  cosine 
of  the  angle  of  projection  is  the  eccentricity  of  the  orbit 
described. 

36.  Prove  that  in  order  that  an  ellipse,  described  under 
the  action  of  a  force  tending  to  a  focus,  may  have  a  velocity 

at  some  point  equal  to  -j-  x  velocity  in  a  circle  at  the  same 

distance,  it  is  requisite  that  e  be  not  less  than  J. 
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37.  A  body  describes  an  ellipse  round  a  center  of  force  in 
the  focus,  and  when  it  arrives  at  the  extremity  of  the  minor 
axis,  the  central  force  is  suddenly  transferred  to  the  center; 
shew  that  the  eccentricity  of  the  new  orbit  is 

^     AG' 
or  the  ellipticity  of  the  old  orbit. 

If  the  change  took  place  at  the  extremity  of  the  major 
axis,  the  eccentricity  of  the  new  orbit  would  be 

SE 

AS' 

38.  The  velocity  in  a  parabola  round  the  focus  is  sud- 
denly diminished  in  the  ratio  of  V^  :  1,  shew  that  the  semi- 
major  axis  is  SPj  and  the  semi-minor  axis  is  a  mean  pro- 
•portional  between  SP  and  AS. 

39.  If  at  any  point  of  an  elliptic  orbit  described  round 
the  focus,  the  force  suddenly  become  repulsive,  remaining  of 
the  same  magnitude,  shew  that  the  focal  distance  is  as  a 
harmonic  mean  between  the  axes  of  the  elliptic  and  hyper- 
bolic orbits. 

40.  Two  small  equal  elastic  balls  are  revolving  in  equal) 
parabolas  turned  in  opposite  directions  round  a  common  focus, . 
having  the  direction  of  their  axes  coincident ;  they  impinge  so 
that  the  line  joining  their  centers  is  parallel  to  the  axis ;  shew 
that  the  major  axis  of  each  of  the  orbits  described  after  impact 
is  to  the  latus  of  the  parabolas  as 

l:l-e^ 

where  e  is  the  elasticity. 


41.  A  body  describes  a  hyperbola,  under  a  repulsive  fo: 
tending  from  the  farther  focus,  and  when  it  arrives  at  t 
vertex,  the  force  suddenly  becomes  attractive;  shew  that, 
the  new  orbit  be  a  parabola,  e  the  eccentricity  of  the  hyp 
bola  =  3,  if  the  new  orbit  be  an  ellipse  of  eccentricity  e, 

e  +  6  =  2. 


'A 
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42.    A  particle  is  describing  an  ellipse  of  eccentricity  e 

round  a  center  of  force  in  one  of  the  foci.     When  the  particle 

is  at  its  least  distance  the  force  is  suddenly  diminished  to 

/1\*^ 

( -     of  its  former  value.     Shew  that  the  subsequent  orbit  will 


be  an  ellipse,  parabola,  or  hyperbola,  according  as  ?i  is  less, 
equal  to,  or  greater  than 

2 


It 


1+e 


43.  A  particle  is  projected  round  a  center  of  force  which 
^ries  inversely  as  the  square  of  the  distance,  with  a  velocity 

hich  is  to  the  velocity  in  a  circle  at  the  same  distance  as 

2 

V5  :  2,  and  at  an  angle  whose  sine  is  -r-,  shew  that  the 

eccei^tricity  of  the  orbit  described  is  J,  and  that  the  major  axis 
is  perpendicular  to  the  distance  of  projection. 

44.  The  ratio  of  the  axes  of  the  Earth's  and  Venus' 
orbits  is  18  :  13  ;  find  the  periodic  time  of  Venus. 

45.  A  body  revolves  in  an  ellipse  round  a  force  in  the 
focus.  If  a,  /3  be  the  angular  velocities  at  the  extremities  of 
any  chord  parallel  to  the  axis  major,  the  periodic  time  will  be 

7r&    /  1         1  Y 


2a '  \'^a,     V/^y 

46.  When  a  second's  pendulum  is  carried  to  the  top  of 
a  mountain,  43  oscillations  are  lost  in  a  day ;  prove  that  the 
height  of  the  mountain  is  about  2  miles. 

47.  A  particle  is  describing  an  ellipse  round  a  force  in 
the  centre,  and  when  it  arrives  at  the  extremity  of  the  minor- 
axis,  the  force  is  replaced  by  one  which  is  equal  in  magnitude 
at  that  point,  but  varies  inversely  as  the  square  of  the 
distance ;  shew  that  the.  eccentricity  of  the  new  orbit  is 
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48.  Cj  C  are  the  lengths  of  the  chords  of  curvature  drawn 
parallel  to  the  asymptotes  at  any  point  of  a  rectangular  hyper- 
bola ;  JD  the  diameter  of  curvature ;  B'  the  distance  between 
the  foot  of  the  normal  and  the  centre  of  curvature.  Prove 
that 

49.  One  end  of  a  string  is  attached  to  the  vertex  of  a 
smooth  cone  which  stands  with  its  axis  vertical,  and  the  other 
to  a  particle  which  revolves  in  a  circle  on  the  surface  of  the 
cone.  If  2a  be  the  length  of  the  string,  2a  the  vertical  angle 
of  the  cone,  and  the  velocity  be  that  which  would  be  acquired 
in  dropping  from  rest  through  a  height  a  vers  a,  the  tension  of 
the  string  will  be  equal  to  weight  of  the  particle. 

50.  A  particle  describes  an  ellipse  about  a  force  tending 
to  the  center,  when  it  arrives  at  any  point  P,  the  force  is 
suddenly  transferred  to  the  focus  8'^  shew  that  if  e,  s  be 
eccentricities  of  the  old  and  new  orbits, 

^     '-l+e' 
and  that  the  semi-axes  bisect  the  angles  PSA,  PSA\  and  are 
respectively  mean  proportionals  between  /SP,  SA^  and  SP^  SA'. 

51.  If  from  every  point  of  a  hyperbola  described  under 
the  action  of  a  force  in  Ihe  farther  focus  a  particle  moved  from 
rest  under  the  action  of  the  force  at  that  point  continued 
constant,  until  it  acquired  the  velocity  of  the  particle  moving 
in  the  hyperbola ;  find  the  locus  of  the  particles.  If  r,  r  be 
the  radii  vectores  for  the  hyperbola  and  locus, 

2ar  =  r^. 

52.  A  body  is  revolving  in  an  ellipse  under  the  action  of  j 
a  force  tending  to  the  focus,  and  when  it  arrives  at  the  nearest! 
focal  distance,  the  force  is  transferred  to  the  point  of  inter- 
section of  the  nearest  directrix  and  the  axis.  Shew  that  the 
eccentricity  of  the  hyperbola  which  will  be  described  is  thej 
reciprocal  of  that  of  the  ellipse,  and  find  the  transverse  axis! 
of  the  hyperbola. 
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53.  If  PD  is  perpendicular  on  the  directrix  from  any 
point  of  an  elliptic  orbit  described  by  a  particle  about  the 
focus  8 J  and  when  the  particle  is  at  P,  the  force  suddenly 
tends  to  D  instead  of  o,  prove  that  the  new  orbit  may  be 
a  parabola  if  6  >  J,  and  that  in  this  case  8P  passes  through 
the  intersection  of  the  two  circles,  one  described  on  SH  as 
diameter,  and  the  other  with  center  8  and  radius  8Aj  the 
shortest  focal  distance. 

54.  A  body  revolves  in  a  parabola  round  a  force  in  the 
focus,  and  when  it  arrives  at  a  point  P  whose  distance  from 
the  axis  equals  the  latus  rectum,  the  force  is  suddenly  trans- 
ferred to  the  other  extremity  of  the  focal  chord  through  P. 
Shew  that  the  new  orbit  will  be  an  hyperbola  whose  axes  are 
as  2  :  1,  and  that  the  conjugate  axis  and  the  tangent  at  P  are 
inclined  at  equal  angles  to  8P, 
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DYNAMICS  OF  A  PARTICLE. 


1.  Prove  that  if  in  Problem  3,  Analytical  Statics j  the 
particle  be  disturbed,  the  time  of  a  small  oscillation  is  27r  /a"*. 

2.  K  in  Problem  20,  Elementary  Statics,  the  disturbance 
be  very  small,  find  the  time  of  a  small  oscillation. 

3.  Two  forces  ^iD  and  fj!D  reside  in  fixed  points,  and  a 

particle  is  projected  in  any  direction ;  prove  that  the  periodic 

^.       .         27r 
time  IS  -77 n. 

If  there  be  any  number  of  forces  it  is     .^,  ... 

4.  Two  particles  of  mass,  m,  and  m\  attract  one  another 
with  a  force  which  varies  as  the  mass  directly  and  the 
(distance)^  inversely,  they  are  separated  by  two  smooth 
parallel  planes,  and  are  slightly  out  of  the  position  of  equi- 
librium, prove  that  the  time  of  a  complete  oscillation  is 

27r-77 ; jT. 

\J{m  +  ra) 

5.  A  particle  is  attracted  by  a  force  which  varies  as  the 
distance  from  a  point  /S',  and  also  repelled  by  a  force  which 
varies  as  the  square  of  the  time,  find  the  position  at  any  time 
supposing  the  particle  at  S  in  the  beginning  of  the  motion. 
Deduce  from  the  result  the  distance  described  if  the  repelling 
force  were  the  only  force. 

6.  Two  masses  m  and  m'  are  connected  by  an  inextensible 
string,  and  laid  over  a  double  inclined  plane  of  mass  m  +  m', 
which  is  capable  of  moving  freely  upon  a  smooth  horizontal 
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plane.  If  the  section  of  the  inclined  plane  be  isosceles,  and 
a  the  inclination  of  its  sides  to  the  horizon,  the  system  may- 
be kept  in  a  state  of  relative  equilibrium  by  the  force 

2  (m-^m')^tana 

applied  to  the  plane. 

7.  CB  is  the  horizontal  base,  AB  the  vertical  axis  of 
a  cycloid,  PQ  is  a  line  unwrapped  from  PA^  shew  that  the 
time  of  sliding  from  P  to  Qh  always  the  same,  however  far 
the  line  be  unwrapped. 

8.  If  a  particle  move  from  rest  at  A^  under  the  action  of 
an  attracting  force  whose  accelerating  effect  varies  as  the 
distance  from  a  fixed  point  8j  prove  that  the  time  of  arriving 
at  any  point  P  varies  as  the  angle  ASQ  of  the  circle  whose 
center  is  S,  radius  AS^  ^P  being  perpendicular  to  SA. 

9.  If  r^=a^cos3^  be  the  polar  equation  to  a  curve,  shew 
that  the  force  tending  to  the  pole  by  which  a  particle  describes 
the  curve 


and  that  the  velocity 


oc 


cc-i. 


Find  the  law  of  force  tending  to  the  pole  by  which  a 
particle  describes  the  spiral 


10.  Prove  that  if  in  an  orbit  described  round  a  centre  of 
force  the  velocity  at  every  point  is  n  times  that  in  the  circle 
round  the  center  of  force  at  the  same  distance, 

What  is  the  curve  when  n  —  sj^l 

11.  A  particle  moves  in  a  cycloid  in  such  a  manner  that 
its  velocity  perpendicular  to  the  axis  is  constant,  shew  that 
the  velocity  varies  inversely  as  the  distance  along  the  arc 
from  the  vertex.     Find  the  law  of  force  under  which  it  moves. 
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12.  A  particle  is  attracted  to  a  fixed  point  by  a  force 
which  at  a  distance  r  is  equal  to  /^ ^^7 ;  and  is  pro- 
jected from  a  point  at  a  distance  a  from  the  centre  with 
a  velocity  equal  to  that  in  a  circle  at  the  same  distance,  and 
in  a  direction  making  an  angle  tan"^(^)  with  the  distance: 
determine  the  orbit  described. 

13.  A  particle  attached  to  a  string  which  wraps  round 
a  cylinder,  whose  axis  is  horizontal,  commences  to  move  from  . 
the  lowest  point  of  the  cylinder,  shew  that  it  comes  to  rest 
when  the  string  has  turned  through  an  angle  Q  given  by  the 
equation 

Q  =  tan  -. 
It 

14.  A  body  is  suspended  from  a  fixed  point  by  an  elastic 
string,  which  is  stretched  to  double  its  natural  length  when 
the  body  is  in  equilibrium. 

Find  how  much  the  body  must  be  depressed  so  that  when 
let  go,  it  may  just  reach  the  point  of  suspension ;  find  also 
the  time  of  reaching  it. 

15.  A  particle  moves  in  a  circular  tube,  under  the  action 
of  a  force  which  tends  to  a  point  in  the  tube  and  whose  accele- 
rating effect  varies  as  the  distance,  shew  that,  if  the  particle 
begins  to  move  from  a  point  at  a  distance  from  the  center  of 
force  equal  to  the  radius,  there^  is  no  pressure  on  the  tube  at 
an  angular  distance  fi:om  the  center  of  force  equal  to 


16.  An  ellipse  is  placed  with  its  minor  axis  vertical. 
A  smooth  body  slides  down  the  curve  from  one  extremity  of 
the  axis  major.  Shew  that  the  pomts  where  the  pressure  on 
the  curve  is  greatest,  are  those  whose  distances  from  the  axis 
major  are  a  third  proportional  to  8G  and  BG, 

17.  A  particle  begins  to  move  from  any  point  in  a  smooth 
elliptic  tube  to  the  focus  of  which  a  force  tends,  whose  accele- 
rating effect  varies  inversely  as  the  square  of  the  distance, 
prove  that  at  any  point  the  pressure  on  the  curve  varies  in- 
versely as  the  radius  of  curvature  at  that  point. 


I 
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18.  Two  particles  m  and  m'  are  connected  by  an  in- 
,  extensible  string  equal  to  a  quadrant  of  a  vertical  circular 

tube  in  which  they  are  placed  together  at  the  highest  point, 
if  m  is  slightly  displaced,  find  the  velocity  of  m  when  the 
string  becomes  tight,  and  shew  that  m  will  produce  no 
pressure  if 

m  :  m  '.:  \/2  —  l  :  \. 

19.  A  ring  slides  on  an  elliptic  arc,  and  an  elastic  string 
whose  natural  length  is  less  than  the  major  axis,  passes 
through  the  ring  and  is  fixed  at  the  foci,  shew  that  the  pressure 

ton  the  arc  varies  as  the  sum  of  the  distances  of  the  foci  upon 
the  tangent  at  the  position  of  the  ring. 
^  20.  A  ring  of  radius  a  is  made  to  revolve  with  an  angular 
velocity  «,  on  a  horizontal  smooth  plane,  and  its  substance 
has  cohesive  power  sufficient  to  enable  it  to  support  a  length 
I  without  breaking.  Shew  that  it  will  fly  to  pieces  if  the 
angular  velocity  be  greater  than 


21.  A  weight  Pis  placed  on  the  convex  circumference  of 
a  smooth  vertical  circle,  and  is  kept  at  rest  by  a  string  which 
passes  (in  a  straight  line)  over  a  smooth  peg  at  A  the  highest 
point  of  the  circle,  and  hanging  vertically  supports  an  equal 
weight  Q  at  its  other  extremity.     If  the  weight  of  Q  be  now 

increased  by  f  - )    and  the  system  left  to  the  action  of  gravity, 

shew  that  it  will  come  to  rest  after  P  has  described  an  arc 


.,-L'-. 


1  n—  1 

where  cosa=  -r — , 
2n 


22.  A  right  cylinder  on  a  circular  base  is  cut  by  any 
number  of  planes  passing  through  the  same  point  in  its  axis. 
In  the  common  center  of  all  these  sections  is  placed  a  force 
varying  as  the  distance.  If  each  curve  of  intersection  be 
described  freely  by  a  particle  under  the  action  of  this  force, 
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shew  that  if  at  any  instant  all  the  particles  be  situated  on 
a  generating  line  of  the  cylinder,  they  will  be  so  throughout 
the  whole  motion. 

23.  Three  particles  are  placed,  one  at  each  of  the  points 
of  contact  P,  Q  of  two  tangents. to  a  parabola,  and  the  third 
at  their  intersection  T,  They  move  towards  the  focus  /S, 
under  the  action  of  a  force  varying  as  the  distance.  If  v^^v^^v 
be  the  velocities  at  8,  of  the  particles  from  P,  Q,  T^  then 

Also  if  the  force  varies  inversely  as  the  distance,  and  t^^  t^j  t  be 
the  corresponding  times  in  PSj  QS,  TSj  then 

24.  A  particle  is  constrained  to  move  in  a  circular  tube 
radius  (a),  and  is  attracted,  force  varying  as  the  distance,  by 
another  particle,  moving  in  another  concentric  circular  tube 

radius  (&)  <  (a),  with  constant  velocity  =  J  ./ ^—^\     They 

start  from  the  extremities  of  diameters,  at  right  angles  to  one 
another.     Shew  that  they  will  be  in  a  common  radius  in  time 

25.  A  string  is  wrapped  round  a  fixed  cylinder  (radius  a) 
standing  on  a  smooth  horizontal  table,  and  a  particle  of  weight 
Pf  attached  to  the  string  is  projected  from  the  surface  of  the 
cylinder,  perpendicular  to  it,  with  velocity  sl[ag) ;  if  the  string 
breaks  when  the  straight  part  has  revolved  through  an  angle 

a,  shew  that  it  is  of  strength  sufficient  to  bear  a  weight  — . 

26.  A  weight  P  lies  upon  a  rough  horizontal  plane 
(coefficient  of  friction  //,).  A  string  attached  to  P  passes 
through  a  hole  in  the  plane  and  has  a  weight  Q  attached  to 
its  other  extremity.  Shew  that  if  the  weights  of  P  and  Q  be 
as  3  :  1,  the  greatest  angle  (a)  through  which  Q  can  oscillate 
(in  one  plane)  on  either  side  of  the  vertical  is  given  by  the 
equation 

cosa  =  f  (1  —y,). 
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27.    A  particle  begins  to  fall  towards  a  centre  of  force 

varying  as  73T— r^j  the  initial  distance  being  2a.     When 

(distance) 

it  is  at  a  distance  a  from  the  centre,  it  is  deflected  by  an 

indefinite  plane  placed  at  an  angle  of  45°  to  the  line  of  its 

motion.     Supposing  the  elasticity  of  the  particle  to  be  perfect, 

shew  that  its   greatest   distance  from  its  initial  position  is 

2a\/2,  and  that  the  length  of  the  path  described  between 

these  points  is 

7r  +  4 
— :r—  a. 


28.  At  the  center  of  gravity  0  of  an  equilateral  triangle 

ABC  is  situated  a  center  of  force  varying  as  -rr^— r-g.    A 

perfectly  elastic  body  begins  to  fall  towards  0  from  a  distance 
equal  to  the  height  of  the  triangle,  and  in  a  direction  parallel 
to  the  side  BC.  Shew  that  after  rebounding  from  AC  or  AB 
it  will  describe  an  ellipse  having  the  angle  A  for  one  of  its 
foci. 

29.  Two  rings  A,  B  of  equal  weights  slide  on  a  smooth 
horizontal  rod  and  are  connected  by  an  inextensible  string, 
on  which  slides  another  weight  whose  mass  is  double  that  of 
either  of  the  others.  A  and  B  are  held  so  that  the  two  halves 
of  the  string  make  each  an  angle  a  with  the  vertical.  If  they 
be  now  left  to  move  freely,  shew  that  the  tension  of  the  string 
is  instantaneously  diminished  in  the  ratio  of 


30.  A  smooth  wire  in  the  form  of  a  circle  is  made  to  re- 
volve uniformly  with  angular  velocity  w  about  a  point  A  in 
its  circumference  in  a  horizontal  plane.  A  thin  ring  F  slides 
on  the  circle  and  is  initially  at  rest  at  the  farthest  distance  c 
from  the  fixed  point,  shew  that  the  distance  from  A  at  the  time 

2c 
t  is   ^       _^^j  and  if  PT  be  a  tangent  to  P's  path, 

OPT=:iPOA. 
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31.  Two  equal  heavy  rings  slide  on  a  smooth  vertical 
circle,  and  are  connected  by  a  horizontal  extensible  string 
whose  unstretched  length  is  I.  If  2a  be  the  angle  subtended 
by  the  rings  at  the  centre  of  the  circle  when  they  are  in  equi- 
librium, shew  that  if  both  the  rings  be  depressed  through  an 
equal  small  space,  the  length  of  the  isochronous  simple  pen- 
dulum will  be 

(2asina  — ^)a 
~l-2asm^a   ' 
whenever  I  is  greater  than  2a  sin'a. 

32.  There  are  three  equal  weights  A,  Bj  C.  A  is  con- 
nected with  B  by  an  inextensible  string,  and  with  G  by  an 
extensible  string  whose  length  when  unstretched  is  a,  and 
when  stretched  by  a  force  equal  to  two  of  the  weights  is  4a. 
A  and  G  are  placed  on  a  smooth  horizontal  table,  and  B  hangs 
over  the  edge,  the  string  lying  entirely  in  a  vertical  plane 
perpendicular  to  the  edge  of  the  table.  The  system  is  then 
left  to  itself.  Shew  that  the  greatest  elongation  of  the  string 
connecting  A  and  G  is  2a,  and  that  the  tension  is  zero  at 
intervals  of  time-  equal  to 

-©' 

33.  A  uniform  rod  of  length  a  lying  on  a  smooth  hori- 
zontal table  is  constrained  to  move  about  an  extremity  with 
uniform  angular  velocity ;  a  particle  is  attached,  by  a  string  of 
length  equal  to  that  of  the  rod,  at  the  other  end,  being  at  rest 
when  the  rod  and  string  are  in  one  straight  line. 

Shew  that  when  the  rod  has  moved  through  an  angle  ^, 
the  distance  of  the  particle  from  the  extremity  about  which 
the  rod  turns,  is  given  by  the  equation 

r(e^  +  e"*)=4a. 
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1.  Find  the  moment  of  inertia 

(1)  of  a  square  about  a  diagonal. 

(2)  of  a  circular  arc  round  its  chord,  the  density  being 
uniform,  or  varying  as  the  distance,  from  the  middle  point 
estimated  along  the  arc. 

(3)  of  a  parabolic  area  terminated  by  the  latus  rectum 
about  the  latus  rectum. 

(4)  of  a  loop  of  the  curve  whose  equation  is  r  =  acos3^ 
about  an  axis  through  the  pole  perpendicular  to  its  plane. 

(5)  of  a  lemniscate  round  an  axis  through  the  node  per- 
pendicular to  its  plane,  the  equation  of  the  lemniscate  being 

r'  =  a'cos2^. 

2.  An  axis  passing  through  the  centre  of  an  ellipse  is 
inclined  at  an  angle  of  30°  to  its  plane,  and  makes  equal 
angles  with  its  axes.  Shew  that  the  radius  of  gyration  about 
an  axis  through  the  centre,  perpendicular  to  its  plane,  is  eight 
times  that  about  this  axis. 

3.  Prove  that  if  A,  B,  (7,  be  the  moments  of  inertia  about 
3  principal  axes  through  any  point  of  a  plane  area  of  which 
that  corresponding  to  A  is  perpendicular  to  the  plane  of  the 
lamina,  the  moment  of  inertia  about  any  axis  inclined  to  the 
axes  corresponding  to  JB  and  C  at  angles  /3  and  7  is 
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4.  Find  the  principal  axes  through  the  vertex  of  the 
parabolic  area  included  between  the  axis  and  semi-latus 
rectum ;  shew  that  one  is  inclined  to  the  axis  at  an  angle 

itan    -. 

5.  Find  the  condition  that  a  circular  plate  may  just  re- 
volve about  a  horizontal  tangent  as  axis,  and  compare  the 
pressures  in  the  highest  and  lowest  positions. 

6.  An  equilateral  triangle  revolves  round  one  side,  which 
is  horizontal  and  fixed,  under  the  action  of  gravity ;  supposing 
the  plane  originally  horizontal,  compare  the  pressure  on  the 
axis,  in  this  ,and  the  lowest  positions,  with  the  weight  of  the 
triangle. 

7.  Find  the  time  of  oscillation  of  two  circular  disks 
having  a  common  tangent  line,  rigidly  attached  so  that  their 
planes  are  coincident :  the  axis  of  suspension  being  parallel  to 
the  common  tangent  line.  Is  the  time  affected  if  their  plane 
be  not  perpendicular  to  the  plane  containing  the  tangent  line 
and  the  axis  of  suspension  ? 

rrr 

8.  A  wire  is  bent  into  the  form  of  an  arc  -^  of  a  circum- 

o 

ference,  and  its  bounding  radii.  It  is  suspended  from  the 
centre,  and  is  capable  of  motion  about  it  in  its  own  plane.  If 
the  wire  receive  a  small  displacement,  find  the  time ''of  an 
oscillation. 

9.  Find  the  centre  of  percussion  for  a  parabolic  area  cut 
off  by  the  latus  rectum,  supposed  a  fixed  axis. 

10.  An  isosceles  right-angled  triangle  has  its  right  angle 
fixed,  if  it  be  struck  perpendicular  to  its  plane  at  one  of  the 
angles  of  its  base,  find  the  line  about  which  it  will  begin  to 
revolve. 

11.  A  rectangle  is  struck  by  an  impulse  perpendicular  to 
its  plane,  find  the  axis  about  which  it  will  begin  to  revolve, 
and  determine  its  position  with  reference  to  an  ellipse  in- 
scribed in  the  rectangle. 
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12.  If  a  point  in  an  ellipse's  perimeter  be  fixed,  and 
a  blow  be  given  perpendicular  to  the  plane  at  the  extremity 
of  the  diameter  conjugate  to  that  through  the  fixed  point, 
shew  that  the  impulse  on  the  fixed  point  is  one-fifth  of  the 
magnitude  of  the  blow. 

13.  A  square  is  supported  by  two  pegs  at  the  extremities 
of  a  diagonal,  in  a  vertical  position,  find  the  initial  pressure  on 
the  remaining  peg,  when  one  is  suddenly  removed. 

14.  A  sphere  is  placed  upon  two  smooth  equal  spheres 
held  in  contact,  which  rest  on  a  smooth  horizontal  plane,  in 
the  position  of  equilibrium,  shew  that  if  the  spheres  be  left  to 
themselves  the  pressure  on  the  upper  sphere  is  instantaneously 
diminished  in  the  ratio  of  7  :  6. 

15.  A  rod  rests  between  a  smooth  horizontal  and  vertical 
plane  being  prevented  from  sliding  by  a  string  reaching  from 
the  angle  to  the  lowest  point;  shew  that  the  ratio  of  the 
pressures  on  the  vertical  plane,  before  and  after  the  string  is 
cut,  is 

3  sin^a  :  2, 
a  being  the  inclination  of  the  rod. 

16.  If  a  billiard  ball  resting  on  a  rough  table  be  struck  at 
^ny  point,  prove  that  it  will  move  in  a  straight  line. 

17.  If  one  billiard  ball  strikes  another  with  a  given 
angular  velocity,  prove  that  the  angle  at  which  the  striking 
ball  begins  to  move  is  less,  if  the  angular  velocity  be  such  as 
to  increase  the  velocity  of  the  point  of  contact  of  the  balls, 
than  if  it  be  in  the  contrary  direction,  cceteris  paribus. 

18.  A  sphere  has  an  angular  velocity  about  a  horizontal 
diameter,  and  falls  upon  a  rough  inelastic  board  which  is 
moving  uniformly  in  a  horizontal  plane  in  direction  of  this 
diameter,  find  the  initial  direction  of  motion  of  the  sphere  and 
its  path  afterwards. 

19.  A  sphere  rests  on  a  rough  fixed  sphere  of  the  same 
magnitude,  at  the  highest  point,  shew  that  if  slightly  dis- 
turbed it  will  roll  down. 

K2 
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20.  Write  down  the  equation  derivable  from  the  Principle 
of  Conservation  of  Areas  in  each  of  the  following  cases : 

(1)  two  particles  are  attached  by  a  string,  and  one  slides 
down  a  vertical  tube,  and  the  other  is  projected  in  any 
direction. 

(2)  four  equal  rods  are  jointed,  so  as  to  join  a  parallelo- 
gram, and  are  rotating  about  one  of  the  angular  points  in  a 
horizontal  plane. 

21.  Write  down  the  equation  of  Vis  Viva  in  the  following 
case: 

A  and  B  are  two  rings  sliding  on  a  horizontal  rod  sup- 
porting a  third  ring  which  slides  on  a  string  attached  to 
A  and  B. 

22.  Write  down  the  equation  of  Vis  Viva  when  a  rod  BC 
is  moveable  about  an  extremity,  and  a  weight  Pis  attached 
to  the  other  end  by  a  string  passing  over  a  pulley  A,  in  the 
same  horizontal  plane  as  B  and  placed  so  that  AB  =  BC. 
Deduce  the  time  of  a  small  oscillation  about  the  position  of 
equilibrium. 

23.  If  the  string  in  the  last  problem  be  elastic,  and  fixed 
at  A,  apply  Vis  Viva  to  obtain  the  equation  of  motion. 

24.  A  circular  ring  is  fixed  in  a  vertical  position  upon  a 
smooth  horizontal  plane,  and  a  small  ring  is  placed  on  the 
circle,  and  attached  by  a  string,  which  subtends  an  angle  a, 
to  the  highest  point ;  prove  that,  if  the  string  be  cut,  and  the 
circle  left  free,  the  pressures  on  the  ring  before  and  after  the 
string  is  cut  are  in  the  ratio 

m  and  M  being  the  masses  of  the  ring  and  circle. 

25.  Explain  why  in  playing  at  cup  and  ball  we  spin  the 
ball  in  order  to  catch  it  on  the  point,  and  not  when  we  would 
catch  it  in  the  cup. 

26.  A  small  ball  is  supported  in  the  air,  by  means  of  a 
thin  vertical  jet  of  water.  It  is  observed  that  the  ball  remains 
in  the  air,  even  when  the  direction  of  the  jet  does  not  pass 
through  its  centre  of  gravity ;  explain  this. 
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27.  If  BC  be  a  uniform  rod  suspended  from  Aj  by  means 
of  a  string  ABj  and  the  system  be  whirled  round  with  uniform 
angular  velocity  w,  find  the  inclination  of  the  rod  to  the  hori- 
zon, and  the  tension  of  the  string. 

28.  A  cylinder  rolls  down  a  smooth  inclined  plane,  the 
motion  being  checked  by  a  string  passing  over  the  top  and 
round  a  cylinder  whose  axis  is  fixed  in  the  inclined  plane,  the 
string  being  attached  to  both.  The  diameter  of  the  rolling 
cylinder  is  equal  to  the  radius  of  the  fixed,  and  both  axes  are 
horizontal.     Find  the  velocity  acquired  in  a  given  time. 

29.  An  ellipse  is  dropped  with  its  plane  vertical  and  axis 
inclined  to  a  horizontal  rough  plane ;  determine  the  velocity 
with  which  it  leaves  the  plane  supposed  imperfectly  elastic. 

30.  Two  rough  rods  A^  B  are  placed  parallel  to  each 
other  and  in  the  same  horizontal  plane.  Another  rough  rod 
C  is  laid  across  them  at  right  angles,  its  centre  of  gravity 
being  half-way  between  them.  If  C  be  raised  through  any 
angle  a  and  let  fall,  determine  the  conditions  that  it  may 
oscillate,  and  shew  that  if  its  length  be  equal  to  twice  the 
distance  between  A  and  Bj  the  angle  6  through  which  it  will 
rise  in  the  n^^  oscillation  is  given  by  the  equation 

sin^  =  [-]  sin  a. 

31.  A  spherical  hollow  is  made  in  a  cube  of  glass,  and 
a  particle  is  placed  within.  The  cube  is  then  set  in  motion 
on  a  smooth  horizontal  plane  so  that  the  particle  just  gets 
round  the  sphere,  remaining  in  contact  with  it.  Find  the 
velocity  of  projection. 

32.  Two  equal  uniform  rods  AB,  BC,  loosely  jointed 
together  at  B,  are  laid  on  a  smooth  horizontal  table,  so  that 
JiABC=a.  A  blow  is  struck  at  y4  perpendicular  to  AB; 
determine  the  direction  and  magnitude  of  the  impulse  at  B, 
and  shew  that  the  initial  motion  of  A  will  be  along  BA,  if 

tana  =  -^. 
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1.  An  iron  spoon  is  gilded,  and  tlie  mean  specific  gravity 
of  the  gilded  spoon  is  8,  those  of  iron  and  gold  are  7.8  and 
19.4 ;  find  the  ratio  of  the  volumes  and  weights  of  the  metals 
employed. 

2.  The  specific  gravities  of  gold  and  silver  are  19.4  and 
10.5;  an  article  composed  of  gold  and  silver  weighs  979 
ounces  in  vacuo  and  890  in  water ;  compare  the  quantities  of 
gold  and  silver  in  the  article. 

3.  A  vessel  8  inches  high  contains  sea-water  to  a  depth 
of  5  inches;  olive-oil  rests  on  the  top  of  the  water  to  the 
depth  of  one  inch,  and  the  remaining  space  is  filled  up  with 
alcohol ;  find  the  pressure  on  a  square  inch  of  the  base,  having 
given  that  the  specific  gravities  of  sea-water,  olive-oil,  and 
alcohol,  are  1.027,  0.915,  0.795,  and  that  the  weight  of  a  cubic 
foot  of  distilled  water  is  1000  oz. 

4.  Equal  volumes  of  oil  and  alcohol  are  poured  into  a 
circular  tube  so  as  to  fill  half  the  circle,  shew  that  the  common 
surface  rests  at  a  point  whose  angular  distance  from  the  lowest 
point  is 

tan    — . 
57 

5.  If  in  a  circular  tube  two  fluids  be  placed  so  as  to 
occupy  90°  each,  prove  that  if  the  diameter  joining  the  two 
open  surfaces  be  inclined  at  60°  to  the  vertical,  the  densities 
are  as 

V3  +  1  :  V3  -  1. 
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6.  A  circular  tube  contains  three  fluids,  whose  densities 
are  as  1  :  2  :  3  +  \/3  occupying  area  of  60°,  90°,  30°,  re- 
spectively ;  find  the  position  of  the  highest  surface. 

7.  A  fine  tube  is  bent  into  the  form  of  an  equilateral 
triangle,  and  filled  with  three  fluids  which  do  not  mix,  whose 
specific  gravities  are  p,  c,  t,  respectively,  each  occupying  a 
side.  The  plane  of  the  triangle  is  then  made  vertical,  and 
one  side  is  horizontal,  shew  that  the  opposite  angle  will  be 
occupied  by  the  lightest  or  the  heaviest  fluid,  and  that  the 
sides  will  be  divided  in  the  ratio  of  the  difterence  between  its 
specific  gravity,  and  that  of  the  other  two. 

8.  An  isosceles  triangle  is  placed  in  a  fluid  with  its  base 
in  the  surface,  a  rectangle  is  inscribed  in  the  triangle,  one  side 
of  which  coincides  with  the  base,  and  the  opposite  side  is  f  of 
the  depth  of  the  vertex,  shew  that  the  pressure  on  the  rect- 
angle is  to  the  pressure  on  the  triangle  as  4  :  9.  Also  shew 
that  this  is  the  inscribed  rectangle  which  has  the  greatest 
pressure. 

9.  A  cycloid  is  placed  in  a  fluid  with  its  base  in  the 
surface  and  its  plane  inclined  to  the  vertical.  Its  generating 
circle  has  its  arc  in  the  surface,  and  plane  vertical.  What  is 
the  inclination  of  the  cycloid  to  the  horizon,  when  the  pressures 
on  the  cycloid  and  circle  are  the  same  ?  The  distance  of  the 
centre  of  gravity  of  the  cycloid  from  the  base  being  seven- 
sixths  of  the  radius. 

10.  A  sector  of  a  circle  has  its  centre  in  the  surface  of 
a  liquid  and  its  bounding  radii  equally  inclined  to  the  surface, 

i     find  the  maximum  pressure  on  the  sector,  when  the  perimeter 
of  the  triangle  formed  by  the  radii  and  chord  is  given. 

11.  An  ellipse  is  placed  with  its  major  axis  horizontal 
and  the  extremity  of  its  minor  axis  in  the  surface  of  a  liquid. 
Shew  that  the  pressure  on  the  circle  inscribed  in  the  triangle 
8BH :  pressure  on  tlve  circle  described  on  the  minor  axis  as 
diameter  :: 
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12.  Two  equal  parabolas  are  described  passing  through 
the  comers  of  the  square  and  touching  at  their  vertices  in  its 
center,  if  the  square  be  immersed  in  water,  so  that  one  side  is 
in  the  surface  of  the  water,  and  the  axes  of  the  parabolas 
horizontal,  shew  that  the  pressures  on  the  parabolas  are 
together  equal  to  pressure  on  the  remainder  of  the  square. 

13.  An  air-pump  whose  receiver  and  barrel  are  of 
volumes  Ay  B  respectively,  leaks  in  such  a  degree  that, 
between  every  two  strokes,  a  quantity  of  air  enters  the  re- 

ceiver  equal  to  -  of  the  quantity  at  the  end  of  a  stroke,  shew 

that  after  n  strokes  the  ratio  of  the  density  of  air  in  the  re- 
ceiver to  that  of  atmospheric  air 

ly  /  A  Y 


14.  The  receiver  of  an  air-pump  is  20  times  that  of  the 
barrel,  and  a  piece  of  bladder  is  placed  over  a  hole  in  the  top 
of  the  receiver,  the  bladder  is  able  to  bear  3  lbs.  on  the  square 
inch,  and  the  pressure  of  the  atmosphere  is  15  lbs.,  shew  that 
the  bladder  will  burst  between  the  4*^  and  5*^  strokes, 

log2    =   .30103, 
log21  =  1.3222193. 

15.  In  a  vessel  not  quite  full  of  water,  and  closed  at  the 
top  by  a  flexible  membrane,  a  small  glass  balloon,  open  at  the 
lower  part,  contains  sufficient  air  just  to  make  it  float,  explain 
the  principle  upon  which  the  balloon  sinks,  when  the  mem- 
brane is  pressed  in. 

16.  A  cube  floats  in  a  liquid  with  one  angle  below  the 
surface  and  three  in  the  surface,  shew  that  the  specific  gravity 
of  the  liquid  is  six  times  that  of  the  cube. 

17.  Two  equal  and  similar  cones  are  joined  together  at 
their  bases,  and  placed  with  their  common  axis  vertical  in  a 
liquid,  p,  <T  are  the  specific  gravities  of  the  solid  and  liquid,  shew 
that  the  distance  of  a  vertex  from  the  surface  of  the  liquid  is 

as  o-  >  or  <  2p,  ^  being  the  height  of  either  cone. 
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18.  Find  the  depth  at  which  a  hemisphere  floats  with  its 
base  downwards,  when  the  specific  gravities  of  the  fluid  and 
solid  are  as  16  :  11. 

19.  A  paraboloid  of  revolution  floats  in  water,  shew  that 
if  a  weight  equal  to  eight  times  that  of  the  paraboloid  be 
placed  in  the  paraboloid,  it  will  sink  to  three  times  the 
original  depth. 

20.  A  cylindrical  diving-bell,  of  height  a,  is  sunk  in 
water,  until  the  water  rises  half-way  up  the  axis ;  shew  that 
the  depth  is 

,      a 
^-2' 
h  being  the  height  of  the  water  barometer. 

21.  A  cylindrical  tube  enters  a  cylindrical  vessel  by  an 
air-tight  collar  in  the  lid,  and  reaches  very  nearly  to  the 
bottom  of  the  vessel.  The  depth  of  the  vessel  is  equal  to 
double  the  height  of  the  barometer  at  the  time,  shew  that  if 
mercury  be  poured  into  the  tube  until  it  rises  to  the  level  of 
the  lid,  the  vessel  will  be  half  filled. 

22.  A  cylinder  is  filled  with  water  to  a  height  2h ;  find 
how  much  liquid,  whose  specific  gravity  is  2,  must  be  poured 
into  a  second  cylinder  without  weight,  and  whose  base  is  one- 
fourth  of  the  area  of  the  first,  so  that  the  distance  of  the  bases 
may  be   h,  when  it   floats   in   the   water.     Shew   that   the 

i     quantity  of  liquid  is  one-twelfth  of  that  of  the  water. 

23.  An  isosceles  triangular  lamina  is  capable  of  turning 
round  a  hinge  at  the  vertex,  which  is  at  a  distance  equal  to 
J*^  of  the  base  from  the  surface  of  a  liquid,  shew  that  the 
lamina  will  rest  with  its  base  vertical  if  the  ratio  of  the 
specific  gravity  of  the  lamina  to  that  of  the  liquid  be  as  5  :  32. 

24.  A  triangular  lamina  ABC,  right-angled  at  C,  is 
attached  to  a  string  at  A,  and  rests  with  the  side  ^(7  vertical 
and  half  its  length  immersed  in  fluid :  shew  that  the  density 
of  the  fluid  :  the  density  of  the  lamina  ::  8  :  7. 
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25.  A  barometer  has  the  area  of  the  cistern  4  times  that 
of  the  tube,  and  when  the  barometer  stands  at  30  inches  the 
highest  point  of  the  tube  is  2  inches  above  the  upper  surface ; 
if  a  mass  of  air  which  at  the  density  of  the  atmospheric  air 
would  fill  one  inch  of  the  tube  were  admitted  into  the  upper 
portion,  shew  that  the  column  would  be  depressed  4  inches. 

26.  A  barometer  has  its  tube  shortened,  so  that  the 
mercury  just  reaches  to  the  top,  a  bubble  of  air  is  introduced 
into  the  tube,  which,  under  the  atmospheric  pressure,  would 
occupy  a  length  c  of  the  tube,  shew  that  the  mercury  will 
descend  in  the  tube  a  distance  which  is  a  mean  proportional  to 
c  and  the  height  of  the  mercury  in  the  common  barometer. 

27.  A  hemisphere  is  full  of  fluid,  shew  that  if  a  plane  be 
placed  in  the  fluid  which  forms  a  circular  section  of  the 
hemisphere,  the  ratio  of  the  pressure  when  it  is  just  immersed 
to  the  pressure  when  it  is  horizontal  varies  as  the  area. 

28.  A  cylinder  is  filled  with  equal  volumes  of  n  different 
fluids  which  do  not  mix ;  the  density  of  the  uppermost  is  p, 
of  the  next  2/o,  and  so  on,  that  of  the  lowest  being  np ;  shew 
that  the  whole  pressures  on  the  different  portions  of  the  curve 
surface  of  the  cylinder  are  in  the  ratio 

1':  2';  3' :  n\ 

29.  Two  equal  and  uniform  rods  AB,  A  C  have  a  compass- 
joint  at  A  and  are  joined  by  a  string  at  ^,  (7;  find  the  tension 
of  the  string  when  the  system  is  floating  in  a  liquid. 

30.  Spheres  of  different  densities  float  in  a  fluid  so  that 

the  area  of  the  portion  of  the  surface  of  each  sphere,  which  is 

exposed  to  the  fluid,  is  equal  to  the  surface  of  a  given  sphere ; 

shew  that  the  heaviest  sphere  is  that  whose  radius  is  the 

5 
diameter  of  the  given  sphere,  and  whose  density  is  —  of  that 

of  the  fluid. 

31.  Find  the  center  of  pressure  of  a  homogeneous  liquid 
on  a  quadrantal  area  of  a  circle,  whose  center  is  in  the  surface 
and  of  which  the  bisecting  radius  is  vertical. 
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32.  Find  the  depth  of  the  centre  of  pressure  of  the  im- 
mersed portion  of  a  Cardioid  whose  axis  is  in  the  surface. 

33.  A  cylinder  is  placed  with  its  axis  vertical  in  a  liquid 
whose  density  varies  as  the  depth,  and  the  density  of  the 
cylinder  is  the  same  as  that  of  the  liquid  at  a  depth  equal  to 
half  the  height  of  the  cylinder,  find  at  what  depth  the  cylinder 
will  float. 

34.  If  a  hemispherical  cup  contain  fluid  whose  density 
varies  as  the  depth,  the  surface  bisecting  the  axis  of  the  cup, 
shew  that  the  ratio  of  the  whole  pressure  on  the  cup  to  the 
weight  of  fluid  contained  is  f . 

35.  A  cylinder  floats  in  water  with  half  of  its  axis  which 
is  vertical  immersed.  It  is  then  put  under  the  receiver  of 
a  condenser  (filled  with  atmospheric  air),  so  that  the  surface 
of  the  water  is  on  a  level  with  the  mouth  of  the  receiver. 
Find  after  how  many  strokes  it  will  float  with  one-fourth  of 
its  axis  immersed,  having  given  8.  G  of  water  =  800  x  S.G  of 
air,  and  vol  of  cylinder  =  ^  vol  of  barrel  =  f  vol  of  receiver. 

36.  A  semicircle  is  immersed  with  its  base  in  the  surface 
of  a  fluid,  shew  that  if  a  rectangle  be  inscribed  with  one  side 
in  the  base,  the  pressure  on  the  rectangle  is  greatest,  if  a  side 
subtends  60°  at  the  lowest  point  of  the  semicircle. 

37.  A  body  when  suspended  from  an  extremity  of  an 
elastic  string,  whose  natural  leng-th  is  a,  stretches  the  string 
to  a  length  na.  If  the  body  be  now  suspended  from  a  point 
whose  height  above  the  surface  of  a  fluid  is  a,  and  if  the 

density  of  thefefluid  is  -    that  of  the  body,  shew  that  it  will 

sink  to  a  depth  a  ,         .^ 

n 

38.  A  semi-cycloid  is  placed  with  its  right  angle  down- 
wards in  a  fluid.  Find  the  position  of  equilibrium,  the  co- 
ordinates of  the  centre  of  gravity  referred  to  the  right  angle 

being  —  and  ^  ( ^  ~  ^ )  5  where  [a)  is  the  radius  of  the  gene- 
rating circle.  Shew  that  it  cannot  rest  with  either  extremity 
of  its  arc  in  the  fluid. 
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39.  ABC  is  a  right-angled  triangular  plate,  and  it  floats 
with  its  plane  vertical  and  the  right  angle  C  immersed  in 
water ;  prove  that  if  its  specific  gravity  be  to  that  of  water  as 
2  :  5  and  CB :  GA  =  5:4,  GB  is  cut  by  the  surface  of  the 
water  at  a  distance  from  G  equal  to  GA. 

Find  the  metacentre  of  the  floating  plate. 

40.  A  cone  of  specific  gravity  p  floats  in  a  fluid  of  specific 
gi'avity  a,  20  being  the  vertical  angle.     Shew  that  the  depth 

of  the  vertex,  supposed  downwards,  =  [  ^  j  x  height  of  cone. 


Shew  also  that  the  cone  can  float  in  an  inclined  position  if 
cos(9>^^' 


Find  the  condition  that  the  upright  position  may  be  stable. 

41.  An  isosceles  triangular  lamina  is  suspended  from  the 
vertex  over  a  vessel,  find  what  quantity  of  fluid  must  be 
poured  in  before  the  equilibrium  of  the  lamina  becomes 
unstable. 

42.  If  in  Prob.  17,  a>2p,  shew  that  the  equilibrium 
cannot  be  stable,  unless  the  vertical  angle  of  the  cones  be 
greater  than  60°. 

43.  A  paraboloid  is  placed  in  a  fixed  hemispherical  cup, 
and  filled  with  fluid  up  to  the  focus ;  she^^Jlat  the  equi- 
librium will  be  indifferent  if  the  radius  of  ^iPcup  is  double 
the  latus  rectum. 

44.  Shew  that  if  I,  T  be  the  latera  recta  of  the  principal 
sections  of  an  elliptic  paraboloid  cut  perpendicular  to  the  axis, 
and  h  the  height ;  when  it  floats  in  the  water,  the  equilibrium 
is  stable  with  regard  to  one  section,  and  unstable  with  regard 
to  the  other,  if  the  specific  gravity  lie  between 

3  A'        ./,      3Z'>' 
4 


f^  — J  j ,  and(^  — ^ 
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45.  A  hemisphere  floats  in  a  liquid  with  its  flat  side 
downwards,  prove  that  the  distances  from  the  base  of  the 
center  of  gravity  and  metacentre  are  in  the  ratio  of  the  densities 
of  the  fluid  and  the  solid.  Prove  that  the  same  relation  holds 
when  the  displacement  is  through  a  finite  angle. 

46.  If  a  parabolic  lamina  of  height  h  will  rest  in  an  in- 
clined position  with  its  plane  vertical  in  a  fluid,  and  the  focus 
in  the  surface,  and  c  be  the  length  of  the  line  of  floatation, 
prove  that  / 

2c  =  3A  -  baj  / 

where  4a  is  the  latus  rectum. 

47.  A  cylinder  shut   at   one   end,   on   which   it   stands 

vertically,  is  closed  at  the  other  by  an  air-tight  piston,  which 

is  of  weight   W,  and  area  /c,  find  to  what  depth  the  piston 

sinks ;  and,  if  E  be  the  expansion  for  1°  of  temperature,  shew 

that  the  piston  will  be  forced  out  if  the  temperature  of  the 

W 
contained  air  be  increased  beyond  -^^7  ^^^^^s* 

48.  A  cylinder  is  placed  with  its  axis  horizontal,  and 
a  piston  separates  two  gases  whose  pressure  keeps  it  in  equi- 
librium in  the  middle  point,  if  the  two  gases  be  unequally 
heated,  prove  that  the  piston  will  rest  at  a  distance  equal  to 

xe[t^^t')j 

tj  t'  being  the  increased  temperatures,  2a  the  length  of  the 
axis,  and  e^  being  neglected. 

49.  If  in  Prob.  20,  the  temperature  of  the  air  in  the 
cylinder  be  raised  t°j  shew  that  the  water  recedes  a  distance 
nearly  equal  to 

2ahet 
2h  +  a 

50.  If  in  a  steam-engine  the  steam  be  cut  off"  when  the 

1*^ 
I  piston  has  advanced   over  -     of  the  cylinder,  find  the  work 

done  dm*ing  one  stroke  of  the  piston,  supposing  the  pressure  of 
steam  in  the  boiler  to  be  m  times  that  of  the  atmosphere. 
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51.  A  Hawksbee's  air-pump  is  forced  with  a  single  barrel, 
find  the  work  done  in  the  n^^  stroke  of  the  piston. 

52.  A  circular  tube  is  half-full  of  fluid,  and  is  made  to 
revolve  uniformly  round  a  vertical  tangent  line,  with  angular 
velocity  «,  if  [a)  be  the  radius,  prove  that  the  diameter  passing 
through  the  open  surfaces  of  the  fluid  is  inclined  to  the  horizon, 
at  an  angle 

tan.   — . 
9 

53.  A  vertical  cylinder  containing  water  rotates  uniformly 
about  its  axis.  A  paraboloid  of  revolution,  whose  specific 
gravity  is  .5,  just  floats  to  the  water's  edge,  with  its  vertex 

downwards.     Shew  that  the  angular  velocity  is./y,  I  being 

the  latus  rectum. 

54.  Equal  quantities  of  two  liquids  of  difierent  specific 
gravities  are  contained  in  a  cylinder  which  rotates  with  uniform 
angular  velocity  about  its  vertical  axis,  and  exactly  fill  it; 
find  the  position  of  the  common  surface. 

55.  In  the  axis  of  a  cylindrical  vessel  revolving  round  its 
axis  is  placed  a  center  of  force,  which  attracts  with  a  force 
which  varies  as  the  distance.  Find  the  shape  of  the  surfaces 
of  the  fluid,  supposing  difierent  angular  velocities  communi- 
cated. 

56.  Find  the  form  of  the  surfaces  of  equal  pressure  when 
a  fluid  is  in  relative  equilibrium,  under  the  action  of  forces 
which  vary  as  the  distance  and  are  equal  at  equal  distances 
and  tend  to  the  angular  points  of  a  triangle,  about  a  line 
through  the  center  of  gravity  of  which,  and  perpendicular 
its  plane,  the  fluid  is  revolving  with  uniform  angular  velocit 

57.  A  continuous  mass  of  an  incompressible  fluid  extenc 
to  an  infinite  distance  in  a  vacuum ;  if  a  spherical  portion  " 
annihilated  and  every  point  of  the  surface  receive  an  equal  | 
velocity  outwards  in  the  normal,  find  the  time  of  swelling  toi 
four  times  the  size,  and  the  pressure,  at  any  point  of  the  I 
interior. 


OPTICS.  143 


OPTICS. 


1.  A  MAN  stands  at  the  edge  of  a  brook,  on  the  opposite 
side  of  which,  50  feet  from  the  opposite  edge,  stands  a  tower 
30  feet  high,  whose  top  is  just  visible  by  reflection ;  find  the 
breadth  of  the  brook,  the  man's  eye  being  6  feet  above  the 
level  of  the  water. 

2.  AB  is  a  straight  line,  along  which  a  bright  point  moves 
uniformly ;  shew  that  the  shadow  of  a  fixed  opaque  point 
upon  a  plane  parallel  to  AB  moves  in  a  straight  line;  and 
find  its  velocity. 

3.  If  two  plane  mirrors  be  inclined  at  an  angle  of  40°, 
shew  that  there  are  exactly  8  images  of  a  luminous  point 
placed  in  the  plane  bisecting  the  angle  between  them. 

4.  A  luminous  point  is  placed  equidistant  from  two  plane 
mirrors  inclined  at  an  angle  18° ;  find  the  number  of  images 
formed. 

5.  Three  plane  reflectors  are  placed  so  that  their  section 
by  a  plane  perpendicular  to  each  is  a  triangle  whose  angles  at 
the  base  are  each  double  of  the  angle  at  the  vertex,  prove  that 
there  are  fourteen  images  of  a  luminous  point  placed  at  the 
centre  of  the  inscribed  circle. 

6.  A  luminous  point  is  placed  between  two  plane  mirrors 
inclined  to  each  other  at  a  given  angle :  shew  that  if  the  angle 

between  the  mirrors  be  -,  where  n  is  an  integer,  the  number 

of  images  will  be  independent  of  the  position  of  the  luminous 
point. 
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7.  A  luminous  point  is  placed  in  the  focus  of  a  paraboloid, 
shew  that  the  illumination  at  any  point  P 

a.  (SP)-^. 

8.  A  luminous  point  is  placed  immediately  above  the 
center  of  an  annulus  whose  internal  and  external  circumferences 
are  distant  a  and  b  from  the  luminous  point,  shew  that  the 
illumination  of  the  annulus  varies  as 

1_1 
a     b' 

9.  A  thin  flat  ring  is  illuminated  by  a  luminous  point, 
directly  above  its  center,  shew  that  the  illumination  of  the 
whole  varies  as 

sin^cos^^, 

where  6  is  the  angle  subtended  by  the  radius  at  the  luminous 
point.  What  must  be  the  height  of  the  point  in  order  that 
the  illumination  may  be  the  greatest  ? 

10.  A  luminous  point  is  placed  at  the  bottom  of  a  hemi- 
spherical cup ;  shew  that  the  illumination  at  any  point  of  the 
cup  varies  inversely  as  the  distance  from  the  luminous  point. 

Find  the  whole  illumination  of  the  cup. 

11.  A  luminous  point  is  placed  in  the  focus  of  an  ellipse, 
find  the  illumination  at  any  point,  and  shew  that  it  will  have 
no  minimum  value  unless  the  eccentricity  is  =  or  >  |. 

12.  A  luminous  point  is  placed  in  the  circumference  of  a 
circle,  shew  that  if  a  be  the  illumination  of  a  .point  at  the 
extremity  of  the  diameter  through  the  luminous  point,  and 
ttj,  ttg  those  of  points  at  the  extremities  of  any  other  diameter, 
then 

13.  Prove  that,  if  a  hemispherical  surface  be  self-luminous 
throughout  the  interior,  and  of  uniform  brightness,  the  portion 
within  the  surface,  of  a  plane  upon  which  it  is  placed,  with  its 
base  in  contact,  will  be  uniformly  illuminated. 
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14.  A  small  plane  area  is  placed  at  the  focus  S  and 

perpendicular  to  the  axis  of  a  paraboloid  which  is  uniformly 

3 
luminous ;  if  the  axis  of  the  paraboloid  be  -ths  of  its  latus 

rectum,  shew  that  the  illuminations  of  the  two  sides  of  the 
area  are  as  1  :  4. 

15.  A  uniformly  luminous  paraboloid  touches  a  plane, 
shew  that  the  illumination  of  the  point  on  the  plane  at  which 
the  axis  meets  it  varies  inversely  as  the  cube  of  the  distance 
of  the  focus  from  the  plane. 

16.  A  cylinder  of  fluid  revolves  uniformly  about  its 
vertical  axis,  and  a  small  object  at  the  bottom  is  viewed  by 
an  eye  above  the  fluid.  Prove  that  in  all  positions  the  eye 
sees  a  distinct,  erect,  and  diminished  image  of  the  object. 

17.  Light  proceeding  from  a  luminous  point  is  incident 
on  one  of  the  faces  of  a  prism,  whose  section  is  an  equilateral 
triangle,  is  internally  reflected  at  one  of  the  other  faces  and 
emerges  at  the  third.  Trace  the  pencil  by  which  an  eye 
situated  anywhere  in  the  plane  which  passes  through  the 
luminous  point  and  is  perpendicular  to  the  faces  of  the  prism, 
will  see  the  image  of  the  point. 

18.  The  vertical  angle  of  an  isosceles  prism  is  2a ;  i>  is 
the  deviation  of  a  ray  perpendicular  to  the  base,  internally 
reflected,  and  emergent.     If  there  be  one  reflection 

cos  {oL-{-D)=fi  cos  3a, 
if  there  be  two  reflections 

cos  (a  +  -D)  =  /x  cos  5a. 

19.  A  ray  of  light  is  incident  at  an  angle  0  on  a  side  of 
an  isosceles  prism,  in  a  plane  perpendicular  to  the  edge  of  the 
prism,  and  after  internal  reflection  at  the  base  emerges  from 
the  opposite  side.     Prove  that  the  deviation  is 

2(^  +  a, 

a  being  the  vertical  angle  of  the  prism. 

Hence,  explain  why  the  image  of  an  object  by  rays  re- 
flected internally  is  not  fringed  with  colour  as  in  direct 
refraction. 
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20.  A  ray  of  light  is  incident  perpendicular  to  the  side  of 
an  isosceles  prism,  whose  vertical  angle  is  30°,  in  a  plane 
perpendicular  to  its  edge ;  and  after  reflection  at  the  opposite 
side  and  base  reaches  the  point  of  incidence,  shew  that  the 
length  of  its  path  in  the  prism  is  equal  to  one  of  the  sides. 

21.  A  plate  of  glass  is  terminated  by  a  slant  side,  so  that 
if  AB^  CD  be  parallel  sections  perpendicular  to  the  faces  of 
the  plate,  AG  19,  inclined  at  an  angle  a  to  AB. 

Shew  that,  in  order  that  a  ray  refracted  at  AB,  and  re- 
flected internally  at  AC,  may  emerge  at  CD,  the  angle  of 
refraction  at  AB  must  be  between 

2a  — TT  +  sin"^-  and  2a  — tt  — sin~^-, 
ifa>-. 

22.  If  the  directions  of  emergence  and  incidence  in  Prob. 
22  be  perpendicular,  prove  that 

^  cos  2a 

^  being  the  angle  of  incidence. 

23.  A  luminous  point  is  placed  half-way  between  the 
centre  and  surface  of  -a  refracting  sphere ;  shew  that  if  the 
index  of  refraction  out  of  the  surrounding  medium  into  the 
sphere  be  less  than  2,  every  ray  will  emerge,  but  that  if  it  be 
greater  than  2,  every  ray  incident  on  a  certain  belt  of  the 
surface  will  be  totally  reflected. 

24.  A  hemisphere  and  its  base  have  their  internal  surfaces 
polished,  and  a  luminous  point  is  placed  in  the  bisection  of  the 
radius  perpendicular  to  the  base,  shew  that  real  and  virtual 
images  will  be  formed  at  points  whose  distances  from  the  base 
are  in  harmonic  progression. 

25.  A  number  of  circular 'laminae  of  diflerent  radii  are 
placed  in  order  on  a  common  axis.  They  are  at  finite  distances 
from  one  another  such  that  each  subtends  a  greater  angle  than 
its  predecessor  at  a  luminous  point  in  front  of  the  least  lamina. 
Shew  that  if  any  of  the  laminae  except  the  greatest  be  re- 
moved the  total  illumination  remains  the  same. 
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26.  A  pencil  of  parallel  rays  is  incident  upon  a  refracting 
sphere.  Shew  that  the  vertical  angle  of  the  cone  in  which 
those  rays  emerge  which  pass  through  the  extremity  of  the 
diameter  to  which  the  incident  rays  are  parallel,  is 

4cos-'^. 

27.  A  small  coin  is  placed  at  the  bottom  of  a  hemispherical 
cup  filled  with  liquid  whose  refractive  index  is  Vf ;  find  the 
licight  of  the  eye  above  the  plane  of  the  rim  of  the  cup  at 
a  given  distance  from  it,  in  order  that  the  coin  may  be  just 
visible;  and  find  the  depth  of  the  primary  focus  in  this 
position. 

28.  G  is  the  center  of  a  refracting  sphere,  Q  is  the  origin 
of  a  small  pencil  refracted  at  It  so  that  the  refracted  pencil 
has  its  axis  parallel  to  QG^  shew  that  the  distance  of  the 
secondary  focus  from  R  y&^QG. 

29.  A  refracting  substance,  whose  index  of  refraction  is  /z-, 
is  terminated  by  a  spherical  surface  BAG,  center  0,  and 
a  plane  surface  FBU  perpendicular  to  the  axis  A  OB  of  BA  0. 
A  small  direct  pencil  diverging  from  Q,  in  AB  produced,  is 
refracted  at  EB,  reflected  internally,  at  BA  (7,  and  emerges  at 
EB,  and  then  diverges  from  the  same  point  as  if  reflected 
at  BB,  shew  that 

fjL'BQ'  =  AB.OB. 

30.  Find  the  primary  focus  of  a  small  pencil  of  rays 
diverging  from  a  point  in  the  circumference  of  a  hollow 
reflecting  sphere  after  two  internal  reflections. 

Shew  that  after  a  very  large  number  of  such  reflections 
the  primary  foci  all  lie  in  a  circle  concentric  with  the  sphere. 

31.  A  small  pencil  of  parallel  rays  is  incident  on  a  re- 
fracting sphere,  at  such  a  point  that  the  axis  of  the  refracted 

'  pencil  passes  through  the  extremity  of  the  diameter  parallel 
to  the  incident  pencil ;  shew  that  the  distances  of  the  primary 
■  and  secondary  foci  from  the  point  of  incidence  are  as 

iX'  :  4. 

L2 
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32.  A  concave  mirror  and  convex  lens  of  equal  focal 
length  /  have  a  common  axis  A  C=f,  at  the  extremities  of 
which  they  are  placed.  Q  is  an  origin  of  light  on  AC,  and  q 
is  the  image  after  reflection  at  the  mirror  and  refraction 
through  the  lens  0,  shew  that 

AQ.Cq=f. 

33.  When  the  origin  of  light  is  6  inches  from  a  convex 
spherical  reflector  of  one  foot  radius  and  4  inches  aperture, 
find  the  radius  and  position  of  the  least  circle  of  aberration. 

34.  Find  the  geometrical  focus  of  a  small  pencil  of  rays 
refracted  through  a  double  concave  lens,  the  radii  of  which 
are  9  and  18  inches,  the  refractive  index  f,  and  the  distance 
of  the  origin  of  light  12  inches. 

35.  Two  convex  lenses  of  focal  lengths  1  inch  and  2  inches, 
have  a  common  axis,  and  are  at  a  distance  3  inches ;  if  a  small 
object  be  placed  at  a  distance  of  4  inches  from  the  first  lens, 
shew  that  the  image  will  be  seen  at  a  distance  10  inches,  and 
is  double  the  size  of  the  object  placed  at  that  distance;  trace 
the  course  of  a  pencil  to  the  eye,  fi-om  a  point  not  in  the  axis. 

36.  A  luminous  point  is  placed  at  a  distance  u  from  the 
center  of  a  convex  lens,  upon  the  axis ;  shew  that  if  a  plane 
mirror  can  be  placed  behind  the  lens  so  as  to  make  the  rays 
incident  upon  it  converge  to  the  luminous  point  after  reflec- 
tion, the  distance  of  the  radiant  from  the  lens  must  be  between 
faxid  2/, /being  the  focal  length  of  the  lens. 

If  the  distance  of  the  radiant  be  -^,   that    of  the  plane 

Sf 
mirror  must  be  -f . 
4 

37.  A  pencil  of  rays  is  incident  parallel  to  the  axis  of 
a  concavo-plane  lens,  and  is  reflected  internally  and  afterwards 
emerges,  shew  that  the  rays  diverge  from  a  distance 
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38.  If  a  small  pencil  be  obliquely  and  centrically  re- 
fracted through  a  thin  lens  whose  breadth  is  2a,  and  x  be  the 
distance  of  the  circle  of  least  confusion  from  the  centre,  and  p 
its  radius,  prove  that 

39.  A  pencil  of  parallel  rays  is  incident  upon  a  lens,  shew 
that  the  distance  of  the  principal  focus  from  the  centre  of  the 
first  surface  is  a  maximum  or  minimum,  when  the  ratio  of  the 
~     li  is 

(/.-l)i:l  +  (/.-l)S 
16  radius  of  the  second  surface  being  given. 

40.  Two  equal  and  similar  concavo-convex  lenses  of 
Small  thickness  are  placed  so  as  to  contain  in  the  hollow 
part  between  them  a  fluid,  find  the  geometrical  focus  of 
a  pencil  of  parallel  rays  after  refraction  through  them. 

41.  An  astronomical  telescope  whose  object-glass  has 
a  focal  length  18/,  is  adjusted  with  an  eye-piece  whose  two 
convex  lenses  have  equal  focal  lengths  /  and  are  at  a  distance 
3/;  shew  that  the  magnifying  power  is  18,  and  that  the 
distance  between  the  object  and  field-glasses  is  20/! 

42.  Shew  that  an  astronomical  telescope  furnished  with 
a  Ramsden's  eye-piece,  the  focal  length  of  the  object-glass  of 
which  is  60  times  that  of  either  lens  of  the  eye-piece,  magnifies 
80  times. 

43.  The  object-glass  of  an  astronomical  telescope  is  com- 
posed of  two  lenses  in  contact,  one  convex,  the  other  concave, 
whose  focal  lengths  are  10/"  and  11  Of  respectively,  and  a 
Kamsden's  eye-piece,  whose  lenses  are  each  of  focal  lengths 

2/" 
/and  separated  by  a  distance-^  ;  find  the  distance  of  the  eye- 

o 

piece  from  the  object-glass  when  a  star  is  seen  distinctly  by 
an  ordinary  eye. 

44.  In  the  common  astronomical  telescope,  without  a  stop, 
if  the  focal  lengths  of  the  object-glass  and  eye-glass  be 
10  feet  and  6  inches  respectively,  and  the  breadth  of  the  object- 
glass  5  inches,  shew  that  the  angular  breadth  of  the  portion  of 
the  field  of  view  visible  by  imperfect  pencils  is  13'  18"  nearly. 
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45.  The  focal  lengths  of  the  object-glass  and  eye-glass  of 
an  astronomical  telescope  are  as  54  :  1.  A  convex  lens  of 
twice  the  aperture  and  focal  length  of  the  eye-glass  is  placed 
between  them  at  a  distance  from  the  eye-glass  equal  to  twice 
its  focal  length.  Find  the  effect  upon  the  magnifying  power 
and  field  of  view,  the  instrument  being  adjusted  for  distinct 
vision. 

46.  The  focal  lengths  of  the  mirrors  in  a  Gregorian  tele- 
scope are  32  and  4  inches,  and  the  distance  between  F  and 
/is  J  of  an  inch.  Find  the  focal  length  of  each  of  the  lenses 
of  a  Ramsden's  eye-piece,  in  order  that  when  adjusted  to 
distant  objects,  the  center  of  the  field  glass  may  coincide  with 

that  of  the  surface  of  the  large  mirror. 

« 

47.  The  dispersive  powers  of  two  media  for  two  of  the 
most  vivid  colours  being  .03  and  .05,  find  what  must  be  the 
focal  lengths  of  two  lenses,  which  in  contact  form  the  object- 
glass  of  a  telescope  of  30-inch  focal  length. 

48.  P  is  any  point  in  a  parabola,  Q  is  the  image  of  a 
luminous  point  at  the  focus  formed  in  a  plane  mirror  coin- 
ciding with  the  normal  at  P;  shew  that  the  locus  of  Q  is 
a  parabola  of  half  the  dimensions  of  the  given  parabola. 

49.  A  luminous  point  moves  along  the  directrix  of  a  re- 
flecting parabolic  arc,  shew  that  the  distance  of  the  geometrical 
focus  from  the  arc  is  equal  to  one-fourth  of  the  radius  of 
curvature. 


50.  AP  is  a  parabola,  A  the  vertex,  a  bright  point  moves 
in  the  arc  of  the  parabola,  and  at  any  point  P  an  image  is 
formed  by  a  concave  lens  placed  at  the  focus  S^  whose  focal 
length  \^  AS)  shew  that  the  locus  of  the  image  is  an  ellipse 

whose  eccentricity  is  -  and  major  axis 

ZAS 


I 


51.  Explain  why  the  horizontal  base  of  a  reservoir  of 
water  seems  to  slope  upwards  in  all  directions  from  the  point 
nearest  the  observer. 
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52.  Give  a  geometrical  construction  for  the  caustic  which 
corresponds  to  a  bright  point  placed  below  the  surface  of 
water  whose  refractive  index  is  f ,  and  employ  the  caustic  to 
discover  the  position  in  which  a  fish  at  a  given  depth  below 
the  surface,  would  be  seen  by  an  eye  placed  so  as  to  see  by 
very  oblique  pencils. 

53.  A  luminous  point  is  placed  at  the  focus  of  an  ellipse 
polished  in  the  interior,  and  a  convex  lens  at  the  center, 
whose  axis  is  that  of  the  ellipse,  shew  that  in  order  that  after 
refraction  through  the  lens  and  reflection  at  the  curve  the  light 
may  converge  to  the  center,  the  lens  must  have  a  focal  length 
which  is  to  the  major  axis  as 

e':{l+e)\ 

54.  An  ellipse  has  eccentricity  |,  shew  that  if  a  bright 
point  in  the  foot  of  the  normal  at  any  point  converge,  after 
direct  reflection  at  the  curve,  to  the  extremity  of  the  diameter 
of  curvature  at  that  point,  the  inclination  of  the  normal  to  the 
axis  is  60°, 

55.  A  spherical  glass  shell,  //-  =  §,  whose  external  radius 
is  double  its  internal  radius,  is  placed  with  its  centre  in  the 
axis  of  a  paraboloid,  midway  between  the  vertex  and  focus. 
If  a  small  pencil  of  rays,  incident  on  the  shell  parallel  to  the 
axis,  pass  through  the  focus,  after  refraction  through  it,  prove 
that  the  external  radius  equals  -^^^^  of  the  latus  rectum. 

56.  At  the  centre  of  an  ellipse  is  placed  a  hollow  spherical 
glass  shell,  whose  external  radius  is  two  thirds  of  the  distance 
between  the  focus  and  nearer  vertex.  If  the  radii  of  the  shell 
are  in  the  ratio  e  :  1,  a  pencil  of  rays  incident  parallel  to  the 
axis  will  have  the  focus  of  the  ellipse  for  geometrical  focus. 

57.  An  object  is  placed  half-way  between  two  parallel 
plane  mirrors,  prove  that  the  brightness  of  the  successive 
images  are  as  the  squares  of  numbers  in  harmonic  progression. 

58.  Three  candles,  of  equal  height,  are  placed  on  a  table, 
at  equal  distances  from  one  another.  Half-way  between  each 
and  the  ceiling  hangs  a  ball.  Shew  that  the  areas  of  the 
hexagon  and  triangle,  in  the  angular  points  of  which  the  nine 
shadows  fall,  are  in  the  ratio  of  13  :  1. 
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59.  A  rectangular  glass  vessel  is  filled  with  water  and 
light  is  admitted  in  all  directions  through  a  small  hole  in  the 
lid,  shew  that  the  boundaries  of  the  light  on  the  sides  are 
parabolas. 

60.  A  uniformly  luminous  sphere  has  its  center  in  the 
surface  of  a  hollow  sphere,  prove  that  the  illumination  at  any 
point  of  the  hollow  sphere  varies  inversely  as  its  distance  from 
the  center  of  the  luminous  sphere,  a  portion  being  cut  ofi*  from 
the  hollow  sphere  so  that  the  view  of  it  is  not  impeded. 

61.  Two  luminous  spheroids  are  formed  by  the  revolution 
of  an  ellipse,  semi-axes  (a,  5),  respectively  about  its  major 
and  minor  axes.  If  /  be  the  illumination,  by  the  first  spheroid 
of  a  point  on  its  axis,  at  a  distance  {a)  from  the  vertex  ;  /'  the 
illumination  by  the  second  of  a  point  at  a  distance  {b)  from  its 
vertex.     Prove  that 

l_Tf  a^  +  35^ 
r'a^'h^  +  ^a'' 

62.  The  angular  distance  of  a  point  from  the  centre  of  the 
field  of  an  astronomical  telescope  is  a,  and  the  simple  object- 
glass  and  eye-glass  of  the  telescope  have  the  same  dispersive 
power  OT,  and  focal  lengths  F  and  /;  shew  that  the  angular 
breadth  of  the  spectrum  is 

63.  When  a  ray  of  light  is  reflected  at  two  plane  surfaces 
inclined  at  an  angle  a  to  one  another,  so  that  the  angles  of 
incidence  at  each  surface  are  the  same,  and  the  planes  of 
reflection  perpendicular  to  each  other,  prove  that 

cot^^  =  cosa, 
if  6  be  the  angle  between  the  plane  of  first  reflection  and  the 
plane  perpendicular  to  the  line  of  intersection  of  the  reflectors. 

64.  A  rajr  of  light  is  reflected  at  two  plane  mirrors,  the 
angles  of  incidence  on  each  being  45°,  and  the  planes  of  re- 
flection at  right  angles.     Shew  that  the  inclination  of  the 
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mirrors  is  60°,  the  deviation  90°,  and  the  angle  between 
the  plane  of  first  reflection  and  that  perpendicular  to  the  inter- 
section of  the  mirrors  is 

tan"V2. 
Prove  that  these  results  are  true,  if  the  mirrors  instead  of 
the  planes  of  reflection  are  at  right  angles,  both  the  angles 
of  incidence  being  60°. 

65.  A  hollow  cylinder,  whose  height  (2  A)  is  to  the 
diameter  of  its  base  as  4  :  3,  is  open  at  the  top,  and  has  its 
interior  surface  polished.  It  is  partially  filled  with  glass, 
yLt  =  |.  A  ray  of  light,  passing  through  one  extremity  of 
a  diameter  of  the  top,  is  reflected  at  the  middle  point  of  the 
opposite  side  of  the  cylinder,  refracted  by  the  glass,  reflected 
at  the  centre  of  the  base,  and  then  by  a  similar  course  passes 
out,  at  the  other  extremity  of  the  diameter.  Shew  that  the 
depth  of  the  glass  in  the  cylinder  is 

9A 
10' 

66.  A  luminous  point  is  placed  in  the  center  of  gravity  of 
a  perpendicular  section  of  a  triangular  prism,  shew  that  the 
areas  of  the  section  formed  by  lines  drawn  from  the  geometrical 
foci  to  the  edges  and  the  sides  from  which  the  rays  emerge 
are  all  equal. 

Prove  that  the  triangle  formed  by  joining  the  three  geo- 
metrical foci :  triangular  section  of  the  prism 

/I^ir(sin'^  +  sin'^  +  sin'(7)  :  dfi\ 

67.  Two  prisms  of  different  refractive  indices  (/a,  fi')  are 
placed  with  two  faces  in  contact  and  their  edges  coincident, 
shew  that  no  ray  will  pass  through  the  combination  if  the  sum 
of  their  refracting  angles  be 

.  _i  1       .  _i  1 

>  sm    -  +  sm    — . 

68.  If  a  refracting  substance  have  a  surface  formed  by  the 
revolution  of  a  cardioid  about  its  axis,  and  a  luminous  point 
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be  placed  in  the  focus ;  prove  that  rays  will  emerge  parallel 
to  the  axis  which  are  inclined  to  the  axis  at  an  angle 


cos 


69.  A  luminous  lemniscate  r^=^a^cos26  is  immersed  in 
fluid,  /I  =  \/2,  with  its  plane  vertical  and  origin  in  the  surface. 
Shew  that  the  equation  to  the  image,  seen  by  an  eye  placed 
close  to  the  origin,  is 

70.  A  sphere  is  formed  of  substance  of  variable  refractive 
power  and  a  ray  of  light  is  incident  so  as  to  enter  at  a  given 
angle.  If  the  index  of  refraction  from  air  into  the  substance 
at  any  distance  from  the  centre  be  fi,  shew  that  the  path  of 
light  in  the  sphere  is  a  rectangular  hyperbola  if  /^  oc  as  distance, 
and  a  circle  passing  through  the  centre  if  //,  x  (distance)"^. 

71.  If  a  refracting  medium  be  such  that  the  refracting 

index  X  -^,  r  being  the  distance  from  a  fixed  point,  prove 

that  the  path  of  a  ray  of  light  in  the  medium  is  given  by  an 
equation  of  the  form 

r~-i  =  0*^-1  cos  (n-1)^. 
What  is  the  form  if  ti  =  1  ? 

72.  a,  ^  are  the  vertical  angles,  in  the  plane  of  xz,  of  the 
luminous  cones  which  produce  respectively  interior  and  ex- 
terior conical  refraction.     Shew  that 


ac  tan  a  +  2>Han^  =  0, 
a,  hj  c  being  the  optical  constants. 


I 
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SPHEKICAL  TKIGONOMETEY  AND 
ASTEONOMY. 


1.  If  in  a  spherical  triangle  right-angled  at  A,  the  angle 
B  be  double  of  G,  shew  that 

(1)   cosec(7=2cosc  =  2cos-. 

2.  Shew  that  in  an  equilateral  spherical  triangle 

2  cos^  =  1  —  tan^  -. 

3.  If  c  be  the  hjpothenuse  of  a  right-angled  spherical 
triangle,  prove  that 

sm^  -  =  sm''  - .  cos'  -  +  cos'  - .  sm'  -. 
Deduce  the  corresponding  result  when  the  triangle  is  plane. 

4.  ABC  is  an  isosceles  spherical  triangle  in  which  each  of 
the  equal  sides  is  double  of  the  third  BC,  prove  that 

cosec  -^  =  4  cosBC.  cos  -^. 

5.  ABG  is  a  spherical  triangle,  and  AB,  BEj  OF  are 
three  arcs  of  great  circles  intersecting  in  0  and  perpendicular 
to  the  sides  BC,  AC,  AB  respectively,  shew  that 

sinOi).tanJ5a=  smOEtanAC^^  sin  OF.  tsiuAB. 
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6.  ABC  is  a  spherical  triangle,  bisect  BC  in  I)  and  AB 
in  Ef  and  shew  that 

cosaiE;+cos^^=2  cosJ5i>.cosi)^. 

Test  the  result  by  Napier's  rules  when  AB  =  AC.  Deduce 
the  corresponding  result  if  the  triangle  be  plane. 

7.  ABC  J  ADC  are  two  great  circles  whose  planes  are 
at  right  angles,  BD  is  a  great  circle  bisecting  the  contained 
line,  shew  that 

-  cos5i>  =  cos'^^  =  cof ABB, 

8.  ABC  is  a  spherical  triangle  in  which  the  side  AB  is 
a  quadrant,  and  through  Aj  B  arcs  of  great  circles  are  drawn 
bisecting  BG,ACmI)  and  E,  shew  that 

cos'ACsec'AB  -  cos'BG.  sqc'BE^  2  {cos^O-  cos^  (7j. 

9.  ABC,  ABB  are  two  spherical  triangles,  such  that 
AC+CB  =  AB  +  BB;ii  Ohe  the  middle  point  of  AB,  shew 
that 

BC-AC 
cobCO  J^^_~J~~ 

cobBO  AB-BB' 

cos 


10.    ABC  is  a  spherical  triangle,  and  AB,  BB  are  arcs  of 
great  circles  perpendicular  to  ^(7  and  BC,  shew  that 

(1)    tan^-.tan-^  =  cos^-.^-^J^^^^;. 
,  V      tan^i)  \2cn.BB  sine 


cos5.  cos  5     cos^  cos  a     cos  (7i>  sini>* 

11.    If  in  the  last  Problem  a  great  circle  be  drawn  through 
C  making  an  angle  6  with  CB,  shew  that 

2   sm(a  +  5) 
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12.  Prove  that  in  any  spherical  triangle 

,^v  ^       sin2c.cos^— sin2Z>.cosC 

(1)  cota= ^f z. . 

^  ''  cos  26  — cos  2c 

._ .  „  ,        /7     2 .  sin  (2s  -  a) .  sin  (s  —  b)  sin  (s  —  c) 

(2)  cos^  +  cos  C  = ^^ ^ — T-Aj — ^ ^^ ^. 

^  ^  sina.sin6.sinc 

In  (1)  deduce  the  corresponding  result  when  the  triangle  is 
plane. 

13.  From  the  area  of  a  spherical  polygon  deduce  the 
surface  of  a  portion  of  a  sphere,  cut  off  by  a  plane  at  a  given 
distance  from  the  centre. 

14.  If  r^j  r^,  ^3  be  the  radii  of  the  circles  touching  one 
side  of  a  spherical  triangle,  and  the  other  two  sides  produced 
and  r  the  radius  of  the  inscribed  circle,  then  tanr^,  tanr^,  tanrg 
are  given  by  the  equation 

z^—  Pg  cotr.z^  +  F^  sins.z  —  sin^s.  tanr  =  0, 
where  F^  =  sin  {s  —  a)  sin  (s  —  6)  +  sin  [s  —  c)  sin  [s  —  h) 

+  sin  [s  —  a)  sin  [s  —  c), 
Pj  =  sin  {s  —  a)-\-  sin  (5  —  6)  +  sin  [s  —  c). 

15.  The  Earth's  radius  being  4200  miles  nearly,  find  the 
dip  of  the  horizon  in  seconds  to  a  person  12  feet  above  the 
level  of  the  sea. 

16.  Supposing  the  angular  motions  of  Jupiter  and  Saturn 
round  the  sun  to  be  uniform  and  in  the  ratio  of  5  :  2 ;  find  the 
angular  distance  between  the  two  positions  of  conjunction. 
If  the  period  of  Jupiter  be  12  years,  what  is  the  time  fi-om 
conjunction  to  conjunction,  and  the  time  between  two  con- 
junctions in  the  same  part  of  their  orbits  ? 

17.  Find  the  distance  of  a  body  whose  parallax  is  100". 

18.  The  Moon's  longitude  at  noon  on  May  30th  is 
96°,  35',  14";  will  the  Moon  be  visible  before  sunrise  or  after 
sunset  ? 

19.  If  the  Moon  be  18  days  old,  find  approximately  the 
direction  and  form  in  which  she  will  be  seen  at  midnight  in 
the  middle  of  summer. 
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20.  Shew  that  two  places  in  latitude  45°,  and  whose 
difference  of  longitude  is  90°,  are  f  of  the  distance  of  places 
on  the  equator  with  the  same  difference  of  longitude. 

21.  The  Moon's  angular  distance  from  Spica  Virginis  on 
May  8th  at  Greenwich  was  24°,  10',  42"  at  9  p.m.,  and 
22°,  33',  52"  at  midnight,  the  distance  at  a  certain  place 
cleared  of  refraction  and  parallax  was  23°  at  8  p.m. ;  what  is 
the  longitude  of  the  place  ? 

22.  In  determining  the  latitude  by  means  of  the  mural 
circle  and  a  known  star,  shew  that  the  error  caused  by  a 
deviation  error  D  is 

\  cos  I  sin  2  sec  S .  D^. 

23.  a  Pegasi  has  R.A.  22h,  57m  on  July  20th  1851,  and 
N.D.  14°  24'.  Find  during  what  part  of  the  night  the  star 
will  be  visible,  and  in  what  quarters  of  the  heavens  it  will  be 
first  and  last  seen. 

24.  If  the  Moon's  orbit  be  inclined  at  an  angle  co  to  the 
equator,  shew  that  when  the  Moon  rises  at  the  same  sidereal 
time  on  two  successive  nights,  the  latitude  is  90°  —  w. 

25.  A  pole  is  placed  in  latitude  15°,  and  at  noon  no 
shadow  is  cast,  find  the  length  of  the  pole  in  order  that  at 
10  o'clock  in  the  morning  the  shadow  may  be  7  feet  long. 

At  what  time  of  the  year  will  this  happen  ? 

26.  Find  the  change  in  azimuth  of  the  point  of  the  Sun's 
rising  for  a  given  change  of  declination. 

27.  If  the  North  and  South  Declination  of  two  stars  be 
equal,  which  are  on  the  horizon  at  the  same  time,  shew  that 
their  respective  distances  from  the  North  and  South  points  of 
the  horizon  are  equal.  Shew  that  when  the  star  with  South 
Declination  sets  the  other  star  has  an  hour  angle 

27r^3A 
where  h  was  its  hour  angle  at  rising. 
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28.  If  the   horizontal   angle  between  two   stars  in  the 

equator  be  observed  by  a  Theodolite  at  different   times  in 

a  place  of  45°  latitude,  and  6,  (/>  be  the  greatest  and  least  of 

these  angles,  shew  that 

6  6 

tan  ^  =  2  tan  J. 

29.  The  hour  angles  of  a  star  when  rising  above  the 
liorizon,  and  when  its  apparent  motion  is  vertical,  are  h,  h\ 
shew  that  if  Z,  h  be  the  latitude  of  the  place  and  the  decli- 
nation of  the  star  ^ 

tan^  Z  +  cos  A  cos  h!  =  0, 
tan^8+  cos  A  sec  A'  =  0. 

30.  If  a  be  the  B.A.  of  a  star  in  the  equator,  whose 
altitude  is  equal  to  the  latitude  I  at  the  sidereal  time  5,  shew 
that 

cos  (a  —  s)  =  tan  I. 

Also  if  A  be  the  azimuth  reckoned  from  the  south  point 
cos-4  =  tan^  I. 

31.  If  a  star  has  declination  B  and  B.A.  zero,  shew  that 
the  cotangent  of  the  angle  which  the  direction  of  aberration 
makes  with  the  equinoctial  colure  is  equal  to 

+  (tan©  sin B  sec  «  +  cos  S  tan  g),) 

and  if  the  longitude  of  the  Star  be  that  of  the  Sun,  this  ex- 
pression becomes 

cosecXtanO, 

where  X  is  the  latitude  of  the  star. 

32.  A  meteor  is  observed  by  each  of  two  observers,  one 
of  whom  is  due  north  of  the  other  at  a  known  distance,  to  fall 
due  north  from  one  known  star  to  another,  shew  how  the 
height  of  the  meteor  and  the  inclination  of  its  path  to  the 
horizon  may  be  determined. 


ANSWEES  TO  QUESTIONS. 


ALGEBRA. 


2.    (1) 

9.    (1) 

(2) 
(3) 

(4) 

(5) 

(6) 
(7) 
(9) 

(10) 
(11) 


ax  —  hy  '  ^   ' 

^  =  -2,    (+V7  +  2). 
ic=±V2,    ±V(2+2«). 
37  =  1,    -1,    -3,    -5. 

^ 100 • 

^  =  i   y  =  3,    h 

^=±1,   ^  =  ±2, 

a?=  +  2,  3^  =  +  l. 
x  =  Z»,    ?/  =  «.  (8)  x==lj   y==4.,    z==2. 

x  =  lQ^   y  =  4., 

a^  =  6±V(117),    3^  =  -6±V(ll7). 

a?  =  0,     ^  =  0, 

a?  =  26,    ?/  =  130, 

^  =  9i   2/  =  -37i 
/a7  =  ^>(a&-l),   y  =  a{ah~l), 

{^  =  \\±^{[^+ah){l~Zah)}-[l  +  ah)^ 

y  =  l^  V{(1  +  ah)  (1  -  3a^)}  -  (1  +  aZ,)l 


& 
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(x  =  0,  y  =  0, 
(12)    L-_1?I5    .-^ 

r~    81  '  y"  9* 

(1^)   -  =  ^'"=1^4^(1^}'  4 

and  x  =  \    '     / — ^^^ —  ^ ,  satisfy  the 

equation  if  the  negative  value  of  the  second  radical  be  taken 
in  each  case. 

I        15>v/(221)  +  221 
(14)     H  2  -' 

l3^  =  ±V(221). 
10.    15i  miles.         11.    £12.,  £8.         12.    14h.  46m. 
13.    4^  miles.         14.    The  second.         15.    3J  days. 

16.  Jtakes^£±^i^:i(i±^, 

p-q-r 

p^r  —  q 

17.  The  watch  gains  5  hours  in  24. 

19.  ..=±1, 4±^fc^). 

^   2a     2a 
32.  380.    33.  28561.    34.  6720.    35.  4845. 

36.    27760,   280.         47.    ic  =  -,   y  =  i 

a  c 

^-     (1)   12,  =  16,  12,   16.  (''  y=7,  3,  1. 

1  _1_  jL 

51.    454  yards.  53.     (^Y"  +  f^Y"  ==  rri\ 

57.  If  m  and  n  be  the  number  of  teeth  in  eac' 
wheel,  the  number  required  will  be  given  by  the  equatio: 
mx  —  ny=±2. 

5»-    2-r6-  •5^-    %    YV  61.     1728. 

62.    He  ought  to  take  19  to  9. 


I 
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THEORY  OF  EQUATIONS. 

1.  x'-2x^-dx^-\-10x-2  =  0. 

2.  (1)    ±V(-3).         (2)    ±V3.         (3)   3,2. 

7.  /  -  2250y  + 1575  =  0,    where  y  =  225a;. 

8.  (1)  a;  =  3,  ^,  -2,  -|. 

(2)  .=  :,!,  3,1,    tV(^^ 

9.  ^'-(^+l)2/-(.  +  ir  =  0.  10.    5,  g5. 

19     5  5 

11.  (1)   — ,    -  of  the  positive  roots;    —8,    --  of  the 

jgative  ones. 

5  5 

(2)   14,  —  of  the  positive  roots;  —  t^,  —  104  of  the 

xZ  Ibl 

egative  ones. 

12.  One  root  lies   between  2  and  3,    another  between 
1  and  2,  and  the  3rd  between  —  3,  —  4. 

13.  Two  real  roots,  one  positive,  the  other  negative. 

15.  x  =  2,  2,  2,  -2. 

16.  (1)  ic  =  4.         (2)   £c  =  -8.         (3)   No  integral  root. 

17.  x  =  -l,  -1,  -1,  3. 

18.  (1)   one  between  3  and  2,  another  between  1  and  0, 
and  the  3rd  between  —  3,  and  —  4. 

(2)   one  between  2  and  3,  another  between  3  and  4 ; 
there  are  no  other  real  roots. 


m2 
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TRIGONOMETRY. 
2.    47}  nearly.         3.    Diameter  =  .745  of  an  inch  nearli 


IT 


8.    A^niT,  or  (6n  ±  1) -. 


9.    A  =  2mT  ±  -TTj  or  2w7r ;  all  these  values  are  given  bj 

o 

the  formula  ^  =  (2w  +  l)|±|. 


10.     (1)    d={2n  +  l)'^,    or(37i±l)|. 

(2)    6  —  niTj    or  {2n  +  l)  tt,    or  2/i7r  +  cos" 
Sir 


.i±v(-i: 


(3)  e  =  n7r  +  —,   or  ^  =  lsin-'2(V2-l), 

where  those  values  of  6  must  be  chosen  which  satisfy  the 
condition,   cos  ^  —  sin  ^  =  sin  6  cos  6. 

(4)  ^=(2^  +  1)^,    or(4^-l)|,    or{6^^+(-lr}|. 


(5)    6  =  "^,    or(4^-i: 


16' 


(6)  ^  =  -j,   or—,    or(2n  +  l)-. 

(7)  ^=(2n  +  l)|,   or{6n  +  (-in^,   or(3n±l)^. 

^  ^  2(w  +  l) 

.  _  4 

11.    cc  =  J  si^  ^  ,  V    ,  where  n  is  any  integer  except  —  1, 


riTT 


12.    (1)   0  =  —,   tan(9=±V3,   or±V(-l). 


TT 


(2)   0=(6m  +  (-ir)^. 


( 


TRIGONOMETRY. 


165 


13.  tana;  =  ±  ./ (l  ±  -  VsY 

14.  ic  =  V3. 

15.  x={'^n-\-l)--6j     and  y   is   given    by   sin(^  +  ^) 

=  cot^.cos^. 

17.    ah  =  d'  +  d''-a^-h\ 

30.    If  a  be  the  distance  between  the  two  stations,  the 

I  eight  is  - .  sin  a .  secyS. 

33.    60  ft.,  100  ft.,  42ift.  35.    60°. 

45.    ^  =  116°,  33',  54".  5=  26°,  33',  54". 

63.    ^  =  2sin-'J. 

68.    If  r  be  the  radius,  and  6  the  given  angle, 

3V3r' 


Area  =  J 


V3sin^  +  2cos' 


0' 


70      OA^  ^r[r+p)^  +p  [p  +  r)  V"  -pra^ 
{p  +  q-\-r)' 

{p-^-q  +  rY 
71.    If  a  be  the  distance  between  the  two  first  stations, 

the  heights  of  trees  are  a  sin 2^,    a.  -. — )-^ — { . sin 20. 

^  '  .     sm^  +  a) 


2a 


82.    i.tan-^i-r,^ 
Q^     sin2^     sin  2"-''^ 

CO. —TT^ . 


{d 

83.    45°,  17',  6"  nearly. 
90.     tan  2"^- tan  ^. 
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ANALYTICAL  GEOMETRY  OF  TWO  DIMENSIONS. 

1.  (1)   The  straight  lines  a;  =  0,   a?-2a  =  0,    x-\-2a  =  0. 

(2)  The  straight  lines  x  —  Sa  =  Oj    x  +  a  =  0. 

(3)  The  origin,  and  the  straight  lines  x —y =0,  a? + ^ = 0. 

(4)  The  straight  lines  a?  —  2a  =  0,    ?/  +  3a  =  0. 

(5)  The  straight  lines  x  —  y  —  ^^    x-]-y  —  Sa  =  0. 

(6)  The  straight  lines  5x-Sy  =  0,    5x  +  Sy-2  =  0. 

2.  x  =  a,  y  =  0;    x  =  0,  y  =  h, 

3.  x  =  S,  y  =  l;    x  =  2,  y  =  S;    x=\,   y  =  2, 
ahy{a^  +  h^)-c]  y^x-a-O 

7.  99a; -27y- 79  =  0,    21a;  +  77y-l  =  0. 

8.  3a;  +  4?^-5a  =  0.  9.    4(aj  +  3^)-5a  =  0. 

10.  J  =  0,    a'-Z>'+l  =  0. 

11.  (1)   a  line  inclined  at  an  angle  a  to  the  initial  line, 
and  terminated  at  the  pole. 

(2)  a  line  inclined  at  an  angle  a  to  the  initial  line, 
and  produced  through  the  pole. 

(3)  a  circle  whose  radius  is  a,  and  whose  centre  is  in 


5  pOl 

e,  ana  ine  two  lines  r  ^ 

h  a  cos  t7  =  u,    r ^  =  u. 

'          cos^ 

12. 

^a?-f  =  ^a\         15. 

a     0        '     a      6 

19. 

3^_±V7-4. 
x           3 

20. 

a;^  +  2/^-23^/3  +  f  =  0, 

where /3  =  2A'±V{2(^'-A^)}. 

21. 

a;'  =  4,    y  =  2. 

24.    a;-y  =  0. 

26. 

A  Parabola.             27. 

ay  +  hx-2xy  =  c\J[x^-\-y'^). 

30. 

e  =  ^,    p  =  V3. 
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31.  (1)   (^-|) +^(y-f)  =  (-^)  »    *^^   equation  to  an 

ellipse,  whose  centre  bisects  the  line  joining  the  centre  of  the 
given   ellipse  with   the  given  point,   and   whose  axes   are 

— ,  — ,  and  eccentricity  the  same  as  the  given  ellipse,  viz.  — . 

(2)   (£c^  +  4T  =  a'(ic'+16/). 

32.  3/-ic  =  0,    %-5ic  =  0,  a;'  =  ±2Vf,  y  =  2(l+Vj)- 

52.    —2  +    -f^Ti-  =  1?   the  equation  to  an  ellipse,  whose 

centre  is  at  the  extremity  of  the  minor-axis. 

60.  xy  =  (?^  xy  =  —  c^  being  the  equations  to  the  hyper- 
bolas, and  I,  m  the  direction-cosines  of  the  given  line,  the 
equation  to  the  locus  is 

2  {ly  +  mxf  {2xy  -  c'  +  d')  +  Im  {c'  +  dj  =  0. 

65.  (1)  A  parabola,  whose  latus  rectum  is  c ;  coordinates 
of  vertex  0,  —  c. 

(2)  Two  straight  lines  2x-3y  +  e  =  0,  x  +  2y-2  =  0. 

(3)  Two  straight  lines  2x  —  y  +  a  =  0,  x  —  2y  —  a  =  0. 

(4)  Two  straight  lines  -  +  ^  +  1  =  0,  -_l^  +  i  =  o. 

(5)  An  ellipse  whose  semi-axes  are  — r — ,     and  —  ; 

o  o 

coordinates  of  centre  —  -,   -. 

(6)  An    hyperbola,    whose    semi-axes    are    ■         , 

o 

2J2a  J.     ,        p        ^      8a        2a 

—-j^  ;   coordmates  oi  centre  -— ,  —  -r- . 

Y  O  0  0 

(7)  An  equilateral  hyperbola,  each  of  whose  semi- 
axes  is  a  \/2;  coordinates  of  centre  0,  —a, 

(8)  An  equilateral  hyperbola,  each  of  whose  semi- 
axes  is  2 ;  coordinates  of  centre  —2,  1. 

(9)  A  parabola,   whose   latus   rectum   is    —r-\    co- 
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ordinates  of  vertex,  -^,  —  q;  the  parabola  touches  the  axis 

o  O 

of  a;  at  a  point  x  —  a,  y  =  0. 

1  TT 

(10)  An  hyperbola,  whose  semi-axes  are  -y-cosec-; 

-J-  .  sec  -  :  coordinates  of  centre  a,  —  a. 
V2         8 

66.  (1)  a;  =  0,   x  =  2i/-A.  (2)  y  =  «,   y  =  x-a. 

67.  (1)  e=\;   x=0,    y  =  -. 

(2)6=^;   y^^x,    y  =  -2x-~2, 

68.  (1)  2V(«J).sin^,    2^^.008^. 


(2)   2a sin-,    2a cos 


T  2 

69.    y^x[sj^±2).  70.    y-x=(). 

„^      Sa     2a        3a  rrc^      8a      ^        ,^     .  „        /^ 

^1-    T'    T'   -y  ^2.     j-3;    5,,-12:«  +  7a  =  0. 

75.    (1)    is  the  equation  of  two  straight  lines  through  the 
origin  parallel  to  the  asymptotes  real,  imaginary,  or  coincident. 

(2)  is  the  equation  of  the  straight  line  joining  the 
points  at  a  finite  distance  in  which  the  lines  in  (1)  meet  the 
curve. 

(3)  If  lines  be  drawn  parallel  to  OX  from  the  pointsi 
of  intersection  of  the  curve  with  0  F,  they  meet  the  curve  inl 
two  points,  the  line  joining  which  is  represented  by  (3). 

(4)  Similarly  for  or  and  OX        ,     . 
n'  +  Sn-e 

2         ' 

84.  This  equation  corresponds  to  the  centres  of  two  co- 
incident straight  lines  passing  through  A,  B. 

85.  [hy-l)[h'-h)^x[c  +  a[h'-h)]  =  0. 
{b'y-l){b'-b)-x{c-a{b'-h)}^0. 

ax  +  i{b+b')y  =  l. 
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..    du        2a 


2x 


,  V  du  _    3a?* 

(o)  ^_ 

,-x  du       sinxismx  ,  , 

'  ^  dx^"^      |-^  +  loga?cosa^ 

/_v  tZw      -r- ficsec'^ic  — tana?" 


c?a?     x^  —  a^' 

, .,    du        225x~ 


dx     ^/{l+a^y 


(^)  S=( 


sma? 


logzflog 


sma; 


V 


+  cot  a?,  log  a; 


(8)   -J-  =  (cos  a?)      {cos  X  log  cos  a?  —  sin  a? .  tan  a?} . 


dx 
(9)   J=(tan.)- 

(10)   ^=     ^+^' 


2cosec2a7Cot  ^a? 


log  tan  a? 


dx     1  —  a?^  +  a?** 
du 


.^s   du  2 

11)  -^  =  — coseca?. 

^2^  a?V 


c?aj         (l+£c)V(l 


(12)   ^  =  2V(a^-^^).         (13) 

(14)   -1-  =  —  sin  a? .  sin  (cos  x) .  sin  cos  (cos  x) . 
du  sin  2a? 


(15) 


2.    (1)  t 


dx     V  (cos  2a  — sin  2a?)* 
cosa?        du         3 


du     1  +  sina?'    dx     1+a?^' 


mr 

~2 


3.    x  =  -^j   or  w7r+(— r 


4.    2s/x.e\ 


/r  —  2 
9.    (1)  2(-l)-%,^. 


:2)   2'(l)'e^cos(*  +  r| 
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(3)   e''[x^  +  Srx^  +  Sr{r-l)x  +  r{r-l){r-2)]. 

11.  This  is  a  ramphoid  cusp  touching  the  axis  of  x  at 
a  point  x  =  a. 

12.  l-hx-x'-=^-&c..., 

o 

2^cosn^.^. 
3  In 

^„  fic'      2ic*     16ic'     272aj«  ) 

14    2«{l+g  +  «(3«-2)j^^  +  ...). 

lb.    logtan  — +  e  +  cosw2.-— - +2cos2m  — — — 

3  e* 

+  - (9 cos 3m  — cos m)  ^   _   _    .  +  .... 

4  ^  1.2.3.4 

18.    sin(9  +  e^.cos(9aj  +  e^^(2cos6'-sin6>) -^  +  .... 


19.     (1)    1.  (2)    2.  (3)   2.  (4)    f. 

(5)   -2(l  +  2,r).  (6)    -|.  (7)    2.  (8)    1. 

(9)   -^.-  (10)    |.  (U)    1.  (12)    -1 

(13)   -^.  (U)    J.  (15)    00.  (16)   0. 

d'x 

26.  -%i  =  0. 

\dz/ 

27.  (1)  a?  =  1  gives  a  minimum,  a;  =  — J  a  maximum. 

(2)  a;  =  2a  gives  a  minimum,  a;  =  —  a  maximum. 

o 
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(3)   x  =  - 


Ve  +  i 


V6-1 


a  max. 


5      °  '  5 

/,\  •  •  •  ^^ 

(4)  x  =  a  gives  a  minimum,  a;  =  —  a  maximum. 

o 

(5 j  x  =  a  gives  a  minimum,  ic  =  —  -  a  maximum. 

(6)  x  —  ntr  gives  a  min.,  a?  =  Inir  +  cos~^J  a  maximum. 

,„.  2n7r—a    .  .  (2n+l)7r—a 

[7)  x  =  — - —  gives  a  mm.,  x  = ^ a  max. 


(8) 


x={2n  +  l)'7r 


IT )   ffives  a  minimum, 
or  £c  =  2w7r  ±  7  i 


a?  =  2?i7r 


or  ic=  (271  +  1)  7r  + 


TT  >  a  maximum. 


(9) 


x=±-T-  gives  a  maximum. 


32.  The  hjrpothenuse  of  the  triangle  is  the  minimum 
axis,  in  which  case  the  ellipse  becomes  a  circle.  The  max- 
imum value  is  half  the  hjpothenuse  and  is  the  axis  of  an 
equilateral  hyperbola. 

,_.  dz       .       dz     ^ 

(2)  cosy^-smy.^  =  0. 

,^.    dz          ,  dz 

(3)  ^-y-log.y.:^ 


dy 


0. 


(4) 


dx     dy 


0. 


,^.       c?^         dz 


(6) 
(7)  xy 


dy 

a?' da?     y^' dy^     x^' dx 
d^z  dz        dz 

dx 


(8) 


dxdy 
d^z     dz 


—  X— y-T-  +  z 


dy 
dz  d^z  _ 


I   dz^ 

f'dy 

0. 


dxdy' dx     dy' da? 
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40.  (1)  a?  =  a,  y  =  —  x  —  aj  and  three  coincident  asymp- 
totes given  hj  y  =  0, 

(2)  y  +  x  =  Oj  y  —  x-\-\  =  Oj  a;  =  0;  the  curve  touches 
the  last  on  both  sides  in  the  positive  and  negative  directions 
at  infinity. 

(3)  a;  =  4a,    y  =  x  —  ^a^    y  =  2(a;  +  8a). 

(4)  ic  =  0,    3^-2ic  =  0,    5^  +  a;  =  0. 

(4)  has  two  branches  lying  entirely  between  a?  =  0,  and 
y  — 2a;  =  0,  and  has  two  conjugate  points  at  infinity  where 
^  +  ic  =  0  meets  it. 

45.  The  origin  is  a  point  of  inflexion. 

46.  The  origin  is  a  double  point. 

47.  There  is  a  cusp  of  the  first  species  at  the  point  y  =  a^ 
Sa 


^=-y 

48.    A  =  - 

„  Snt"  -  2m  +  1 

~^~ 7^^ ^• 

m 

B  = 

^m^-m  +  l 
2 — J -Y-a. 

C= 

^m^-  3m^  +2m-l 

m^im  —  1] 

49.  See  an  Article  "  on  certain  points  of  singular  curvature 
in  plane  curves,"  in  the  Quarterly  Journal  of  Pure  and  Ap- 
plied Mathematics,  May  1857,  by  E.  Walker,  Esq.,  Trinity 
college. 

52.    j9j  =  rjSina.  54.    r6e-[-c  =  0. 

66.  If  the  centre  of  the  given  circle  be  the  origin  and  the 
fixed  point  in  the  initial  line,  the  equation  is 

a  —  cos    -  =  —  ^ ^. 

r  a 

58.    The  curve  (9)  cuts  the  asymptote  at  a  point 
2a        _4a 
3'    y~  8 
x+\  1 


«^=--^'  y  =  -V' 


60.    (1)  log, 


y[x^^2x^)     2x 
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;2)   2  log 


X 


X— 1      X      X— 1 


(3)   logv'(^  +  2).V(aj^  +  4)+i  tan-^^ 


;4)   ^log 


x^^\ 


2 
2ic-l 


50^^^(2-a;)^  +  25*^''   "^^  10(aj^+ 1)' 


(6) 


%x  -  2ic' 


(7) 


£C«-6£C*- 24x^-16 


Z{\-o?Y  ^'^  3(1+^^)^ 

(^^    V2  ^^^  [2  +  a^  +  V(4 T4^"2^)r 
(9)        ^      --f  1+" 


y'(_  3)  ^^S  1^(9  _  12a;  -\^^)-  5  -  2a;J ' 


(10)   _tan^-^--. 


61. 


63. 


16a' 


ira 


(2)    Tral 


)■ 


66.    If  a  be  the  side  about  which  the  parallelogram  re- 
volves, h  the  adjacent  side,  and  A  the  angle  between  them, 
Volume  —  irah^  sin  J.,    Surface  =  lirh  {a-\-'b  sin^). 


Area 


7r  +  2a 


4a 


^^  TT  +  a 


67. 


37ra* 
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DIFFERENTIAL  EQUATIONS. 

1.     {ax-^hy)xy-x'^^G.  2.    4 

3.  (1)    [x-\-yf-^=G.{x-yY^\ 

(2)  y  =  (7e«^"'^-  sin"'£c  -  1. 

(3)  a\o^[x-y-a)=-y-\-G. 

(4)  a?^^  =  — a?^cos£cH-2a?sina?  +  2cosa7  + (7. 

(6)    6-  =  l0g^. 

4.  (1)  x'  +  f{\ogy-r)^c.  (2)  ^^-fj/^  =  c3^. 

8.  ic'  =  4c(c  +  3^). 

9.  (1)  logy .  cos  (a?  —  c)  =  Cj. 

(2)  y  =  c  +  c/''^''''+c/'''-^''-2x. 
x^ 

(4)  y  =  c  COS  2a3  +  Cj  sin  2x  +  c^  cos  3ic  +  C3  sin  3a? 


+  — icsin2£c. 


10.    (1)   xy  —  az  —  c. 

(2)  ei«f ^logy  +  ei«f 2/log^  +  gioplogcc  =  c. 

2 

(3)  2;  =  tan"'a7  +  ^  +  c. 

The  factor  required  is  e*". 


11.    (1 


""^^^AS-       (2)  y«-"=yi;^^'). 
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^^)   ^|?+l+^+l  +  (^  +  l)(^4.2)|     l+l 

(6)  x=^f[y)^<^[z),  ^ 

(7)  z=f[x-y)  +  <t)[hx-ay). 

(8)  z=f[x  +  z)-V<i>[y  +  z). 

12.  See  Tait's  Dynamics^  page  14. 

13.  u,=  [c  +  c,x)  +  c,[-bY\ 

1  f(2+v6r^-i  (2-v6r^-r 

'     2V6(       1+V6  l-\/6 


GEOMETRY  OF  THEEE  DIMENSIONS. 

1.  x  =  a  represents  a  plane  parallel  to  the  plane  oiyz. 

y  =  nz-\-h  represents  a  plane  parallel  to  the  axis  of  ic, 
whose  trace  on  the  plane  of  yz  is  the  line  y  =  nz  +  h. 

y  =  mx  represents  a  plane  through  the  axis  of  y. 
(2)  and  (3)  taken  together  represent  the  straight  line  in 
which  they  intersect. 

(1),  (2),  (3)  taken  together  represent  the  point  whose  co- 
ordinates are 

x  =  aj    y  =  nma-\-hj    z  =  ma. 

2.  If  a,  Z>,  c  be  the  coordinates  of  the  given  point  l^m^n'^ 
Tj  w',  n  the  direction-cosines  of  the  given  lines,  the  required 
equation  is 

x  —  a     _  y  —  h    _    z  —  c 
mn  —  m'n     nl  —  nl     Im  —  I'm' 
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3.    (c'  +  r'  -  a')  2  +  2acx  =  C. 

5.  If  the  equations  to  the  lines  hQ  x  =  mz-\-Jij  y  =  0 ; 
y  =  nz-\-ky  x  =  0,  and  those  of  the  circle  x^  +  i/^  =  a^,  z  =  0, 
the  equation  to  the  surface  is 

x^  {hy  +  hx-hk  —  kmzf-^y^  [hy  -\-lcx-hk-  hnzf 

=  d [xy  —  [x  —  h  —  mz)  [y  —  k  —  nz)Y. 

This  problem  is  deducible  from  (5)  when  in  the  notation 

of  (5)  we  put  71  =  0,  k  =  'b,  m  = ,  and  then  make  7i=  cc  . 

c 

7.  If  the  line  to  which  the  generating  line  is  perpendicular 
be  taken  for  the  axis  of  z,  and  the  equations  to  the  other  line 
he  x  =  mz-{-a,   y  =  nz  +  hj   the  equation  required  is 

z  {nx  —  my)  —  ay  —  hx. 

8.  cos  a.  9.    icltan'a  +  2/'tan'y8  =  sl 

11.    A  concentric  ellipsoid  whose  semi-axes  are  — ,    — ,   -, 

r     r     r^ 

where  r  is  the  radius  of  the  sphere,  and  a,  bj  c  the  semi-axes 

of  the  first  ellipsoid. 

18.    The  axis  of  2;  a  plane. 

20.    S7ra\         '    21.    "^L  +  ^y  22.    7rcV2. 

23.  Two  parallel  planes     x  +  2y  —  Sz  +  A  =  0, 
whose  equations  are     cc  +  2^  —  3^;  —  4  =  0. 

24.  If  a  be  the  distance  of  the  point  from  the  vertex  of 
the  cone,  and  a  the  semi-vertical  angle  of  the  cone,  the 
distance  required  is  2(2sin(7rsina). 

26.  If  Ax  +  By  +  Cz  +  I)  =  0,he  the  equation  to  the  given 
plane,  {h,  kj  I)  the  coordinates  of  the  given  point,  a  the  given 
angle,  the  required  equation  is 

lA(a.-h)  +  Biy-k)  +  C(z-l)Y     , 

{x-hY+{y-kf+{z-lY       -{^+J^  +  0]ama. 
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ELEMENTAKY  STATICS. 
1.    If  P  and  Q  be  the  two  forces,  the  angle  is 

3]p^+or-8Po 

3.  The  distance  of  the  point  from  one  extremity  is  J*^  of 
the  length  of  the  rod. 

SW 

4.  ——J  where  W  is  the  weight  of  the  shorter  arm. 

6.  One  side  of  the  square  is  inclined  at  an  angle  cot~^2  to 
the  horizon. 

7.  60°. 

W  .  . 

8.  -^-j^y  where  W  is  the  weight  of  the  upper  cylinder. 

^     4TF-7P     4TF-35P      ,         ^  .    ^,  „.  ^, 

9.  — — ,    ,  where  P  is  the  power,   W  the 

weight. 

(     W+F 

16.  tan"^  <fi.  — p — ,  where  TFis  the  weight  of  the  wedge, 

P  that  of  the  sphere. 

17.  At  an  angle  tan"*  -—j^  to  the  horizon. 

19.  If  a  be  the  angle  which  the  line  joining  the  centres  of 
the  spheres  makes  with  the  horizon,  the  force  =  TFcota,  where 
W  is  the  weight  of  one  of  the  spheres.  In  the  latter  case  the 
line  joining  the  centres  makes  an  angle  cot~*6/^  with  the 
horizon. 

20.  If  the  weight  be  moved  a  distance  c,  and  a  be  the 
side  of  the  triangle,  W  one  of  the  weights,  the  force  will  be 

f         a  +  2c\/3 


[/v/(a'+3c'  +  acV3) 

N 


-nw. 
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23.  If  a  be  one  of  the  sides  of  the  triangle,  the  centre  of 
gravity  is  at  a  distance  — '^-r^ — a,  from  the  base. 

30.  A  circle,  the  distance  of  whose  centre  from  the  vertex 
is  I  of  the  radius  of  the  given  circle. 

2 

31.  2P.  32.      ^^  ^^,  a  being  the  length  of  the 

string.  [This  Problem  should  have  been  placed  in  Analytical 
Statics.] 

37.    The  equilibrium  is  unstable. 

43.  If  6  and  ^  be  the  angles  which  the  two  portions  of 
the  string  make  with  the  vertical,  and  m  the  ratio  of  the 
weight  of  the  puUy  to  that  of  the  weight, 

^^^^  =  -2^'    "^'^  =  -^^5    m>2V2<4. 

44.  If  4a  be  the  latus  rectum  of  the  parabola,  2b  the 
length  of  the  rod,  c  the  distance  between  the  hinge  and  vertex, 

and  TTthe  weight  of  the  rod,  the  force  =    ,        s^W. 

z  [a  -\-  Cj 

50.  The  angle  which  each  rod  makes  with  the  horizon  is 

tan"^ — ^-p—,  where  Wis  the  weight  of  one  of  the  rods,  and 

F  that  of  either  weight.  The  position  of  equilibrium  is  un- 
stable. 

51.  — ^      ,\'^' — r,  TF being  the  weight  of  one  of  the  rods, 

2a  its  length,  c  the  radius  of  the  sphere,  and  fi  the  coefficient 
of  friction.  The  Problem  is  impossible  if  the  sphere  be 
smooth. 

56.  The  highest  and  lowest  positions  are  stable,  the  third 
unstable. 
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ANALYTICAL  STATICS. 

6.    The  positions  of  equilibrium  are  given  by  x=y  =  — j-j 

except  when  n  =  2,  for  in  that  case  the  equation  a?"~^=^""^ 
becomes  indeterminate.  The  curve  then  becomes  a  circle, 
and  we  know  that  a  body  will  rest  at  any  point  of  a  circle 
x^  +  y'^  =  ^  if  acted  on  by  forces  parallel  to  the  axes  and  pro- 
portional to  the  coordinates  of  that  point. 

_    2         . 

11.    An  angle  tan"^-^,  with  the  vertical.  12.    2:1. 

13.    The  whole  pressure  will  be  at  ^,  and  equal  to  half 
the  weight  of  the  square. 

15.    (1)  If  2a  be  the  angle  of  the  sector,  the  distance  from 

.    7^4•2  sina  ^    .       ^.         j. 

the  centre  is -. .a,  a  bemer  the  radius. 

'  7i  +  3      a       '  ^ 

(2)  If  A  be  the  given  point,  C  the  centre,  AC=a, 
|and  CGhe  taken  =  -  and  in  a  direction  perpendicular  to  A  G, 

G  is  centre  of  gravity. 

(3)  The  distance  of  the  centre  of  gravity  of  the 
whole  arc  from  the  pole  is  --. 

—     25       —     25 

17.  a7  =  — A,  y=— A:,   hj  h  being  the  coordinates  of  the 

)int  of  intersection  of  the  curves. 

512a 

18.  Its  distance  from  the  pole  is 


3157r 

19.    If  a  be  the  radius  of  the  circle,  2a  the  vertical  angle, 

.-      3 

fa  — —  Tracota. 

n2 
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20.  (1)  —  cof  — ,   d  being  the  given  diagonal,  A  the  " 

given  angle. 

2176 
(2)   —3-  iro^i  ^cb  being  the  latus  rectum. 

21.  ^-7^,  a  being  a  side  of  the  square. 

o  Y  A 

22.  Force  :  weight  of  string  ::  2.003  :  1  nearly. 

29.    Half  the  weight  of  the  chain. 

37.  If  2^,  2</),  be  the  angles  which  the  upper  and  lower 
void  arcs  subtend  at  the  centre,  and  TF,  P  the  weights  of  the 
sphere  and  ring, 

.     z,     zi       -^    [.      P\      .     ±      ±        'n-      P] 
tan^-^=-^-^-^H-^,    tan<l)-d)  =  ^— 7.^. 

31.  J- 1— 1 ),  both  strings  being  vertical. 

32.  If  Pj,   Pg  be  the  greatest  and  least  values   of  P, 

33.  60°. 

40.  If  P,  Q  be  the  weights  of  the  two  rods ;  a,  h  their 
lengths,  c  the  distance  between  the  hinges,  r  the  radius  of  the 
hemisphere,  the  angle  which  the  first  makes  with  the  horizon 

csJ[Pa)  J- 

43.    It  must  be  just  greater  than  — ,  a  being  the  radius  of 

o 

the  hemisphere. 
47.    ^  =  0. 


IS  sm 
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ELEMENTARY  DYNAMICS. 

2.    m-\-  Ti^g. 

4.  (1)    1610.         (2)   [y^J  seconds.         (3)   57.5  feet. 

5.  30°.  8.    69.  12.    ^. 

b 

20.    Each  of  the  balls  moves  back  with  |*^'  of  its  original 

velocity. 

25.    If  X  be  the  abscissa  of  the  point,  and  4a  the  latus 

^,  .    lQax(x  —  a) 

rectum,  the  ranare  is  — -, — '^ — rs-^. 
'  ^  [x  +  a) 

27.    The  ball  rises  to  a  point  whose  distance  below  the 
focus  is  J*^  of  the  latus  rectum. 

4 
29. r,  e  cannot  be  greater  than  J.     When  e  =  J,  w 

becomes  infinite,  in  which  case  the  impact  is  the  same  as  if 
nm  was  a  hard  plane.  The  condition  that  a  ball  after  striking 
a  hard  plane  should  go  off  at  60°  is  e  =  J. 

38.    In  both  cases  the  angle  is  J  sin'^J. 

MM 

41.    If  V—,  V—,  he  the  velocities  of  the  balls,  2a  the  angle 

which  their  directions  make  with  each  other,  the  velocity  is 

2vcosa. — ; — i, 
m  +  m 

48.    Jf  moves  back  with  half  its  original  velocity ;  on  moves 
back  with  J  of  ilf' s  original  velocity.     The  impact  is  direct. 

50.    In  the  latter  case,  let  x  be  the  distance  of  the  point  of 
projection  from  the  wall,  a  the  breadth  of  the  room ;  then  if 

a;  >  — ,  the  ball  hits  the  ceiling  before  the  wall ;  if  a?  =  — ,  the 

t)  o 

2a 
ball  hits  the  top  of  the  wall ;  if  ic  <  — ,  the  ball  hits  the  wall 

o 

before  the  ceiling. 
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51.  u  =  n7r,    ovn7r±./—,    or  nir  ±  ./ -. 

52.  It  will  rise  to  a  point  whose  distance  from  the  lowest 
point  is  1*^  of  one  of  the  sides  of  the  hexagon. 

53.  If  0,  <f)  be  the  inclinations  of  the  upper  and  lower 
portions  of  the  string  to  the  vertical ;  a,  h  the  lengths  of  the 
upper  and  lower  portions ;  P,  Q  the  upper  and  lower  weights ; 
(o  the  angular  velocity^ 

^tan</>  — a)^(asin^  +  5sin<^)  =0. 
P(a\mid-{P+  Q)g tand-  C^tan<^  =  0. 


NEWTON,  I.,  II.,  III. 

1.    i,  2.  3.    |. 

5.  f*^^  of  the  circumscribing  parallelogram,  one  of  whose 
sides  touches  the  curve  at  the  vertex. 

6.  Its  distance  from  the  vertex  is  f **^^  of  the  side  of  the 
square. 

^'    iop~/r^TJ^{'^^^~^^^^^~^*}j  ^  ^^^  ^  being  two  of 
the  sides. 


19.  8000.  ( — -gj  miles,  a  being  the  number  of  seconds  in 

27  days,  7  hours,  and  a  the  number  of  feet  in  4000  miles. 
This  may  be  shewn  to  be  about  240000  miles. 

20.  120073^:^.  21.    30°. 

23.    The  tension  varies  inversely  as  the  distance  of  one  of 
the  rings  from  the  nearer  peg. 

27.    An  ellipse  whose  eccentricity  is  ^. 

44.    225  days,  nearly. 

52.    It  is  equal  to  the  major  axis  of  the  ellipse. 
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DYNAMICS  OF  A  PARTICLE. 

2.    TT .  /  (      ^  .-  J ,  m  being  the  mass  of  the  particle,  ilf  that 

of  one  of  the  weights. 

5.    The  distance  of  the  particle  from  S  at  the  time  t  is 

^ — ~   ^\~ ' .     If  fi=Oj  or  the  repelling  force  be 

the  only  one  which  acts,  the  above  expression  may  easily  be 

shewn  to  be  equal  to  ^. 

9.  Force  oc  inversely  as  the  cube  of  the  distance. 

10.  A  parabola. 

11.  Force  cc  inversely  as  the  cube  of  the  distance  mea- 
sured along  the  arc  from  the  vertex. 

12.  If  the  initial  line  be  that  which  joins  the  centre  of 
force  and  the  point  of  projection,  the  equation  to  the  orbit 

is.^'  =  tan(^2(9  +  ^ 

14.    The  body  must  be  depressed  through  2a,  a  being  the 
natural  length ;   tt  .  /  -. 


EIGID  DYNAMICS. 


1.    (1)  Mass.j^.    • 

(2)   (l)Mass.{L±^-i^«|.A 

(2)  Mass.^--';^^^^-^if  ^-i+^^ 
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(3)  Mass.g.       (4)  Mass.^l       (5)  Mass.^l 

5.  If  o)  =  angular  velocity  in  lowest  position. 

Pj  =  pressure  in  highest  position. 
Pg  =  pressure  in  lowest  position. 
a  —  radius. 

"^  ~  5a-    P~  5' 

6.  When  horizontal  the  ratio  is  1:3,  when  vertical  7  : 3. 

7.  Supposing  the  plane  of  the  disks  perpendicular  to  the 
plane  containing  the  tangent  and  the  axis  of  suspension  the 

the  disks,  and  h,  d  being  the  respective  distances  of  the  axis 
of  suspension  and  centre  of  gravity  of  the  disks  from  the  poiat 
of  contact. 


vc 


^    a  being  the  radius. 


,3^  2  +  V3/ 

9.  The  distance  is  |*^  of  the  latus  rectum  from  the  focus. 

10.  The  equation  to  the  line  is  x-\-^y  =  0. 

11.  If  the  centre  of  the  rectangle  be  the  origin,  and  the 

axes  of  X  and  y  be  perpendicular  to  the  sides,  the  equation  to 

^hx     SJcv 
the  axis  is  —^  +  -~  +  1  =  0,  h^  k  being  the   coordinates  of 

the  point  of  impact  and  2a,  2b   the  sides  of  the  rectangle. 
This  equation  shews  that  the  axis  is  the  polar  of  the  point 
(-  3A,  —  37c)  with  reference  to  the  ellipse  which  touches  the 
rectangle  at  the  middle  points  of  the  sides. 
13.    i*^  of  the  weight  of  the  square. 

18.  If  the  axis  of  y  be  parallel  to  the  diameter  about 
which  the  sphere  has  the  angular  velocity  co,  and  v  be  the 
velocity  of  the  plane  supposed  in  the  plane  of  xy,  a  the  radius 
of  the  sphere,  a  the  angle  which  the  initial  direction  makes 

with  the  axis  of  a?,  tana  =  — ,     The  subsequent  path  will  be 

a  straight  line. 
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19.    If  a  be  the  radius,    it  will   roll   through    an   arc 
a  cos"^  — -,  before  it  leaves  the  sphere. 

22.    The  time  of  a  small  oscillation  is 

f     (If+Smcos'aja     \^ 
'''"'|3(ifsin2a  — msina)^]  ' 
where  i/'cos2a  =  2wcosa,   2a  being  the  length  of  the  rod, 
M  its  mass,  and  m  the  mass  of  the  weight. 

28.  Velocity  at  the  time  t—  »  ir  ,  o     9  sin  a  ^,    M   being 

the  mass  of  the  fixed  cylinder,  m  that  of  the  other,  and  a  the 
inclination  of  the  plane  to  the  horizon. 

29.  If  F  be  the  velocity  of  the  centre  before  impact, 

V  be  the  velocity  of  the  centre  after  impact, 
o)  angular  velocity  round  the  centre  after  impact, 
e  the  eccentricity, 

^,  q  the  perpendiculars  from  the  centre  on  the  tan- 
gent and  normal  at  the  point  of  impact, 

^__..,     (l  +  6)(/+F)F  (l+.)Fg 

30.  If  2&  be  the  distance  between  A  and  B^  h  must  be 
less  than  h. 

31.  If  if  be  the  mass  of  the  hollowed  cube, 

m  be  the  mass  of  the  particle, 
a  the  radius  of  the  cavity, 
the  velocity  of  projection  is  that  due  to  the  height 
bM+A.m 

32.  The  direction  makes  an  anffle  tan"^  ^r— = with 

°  Ssmacosa 

AB;    '^il^^^\  Pbeing  the  blow. 
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HYDEOSTATICS. 

1.  The  volumes  are  as  57  :  1,  the  weights  as  4446  :  97. 

2.  The  volumes  are  as  5  :  84. 

o     >.  91 

3.  4  —-T  ounces. 

6.  The  inclination  of  the  line  joining  the  centre  and  upper 
surface  to  the  horizon  is  30°. 

9.  sin-? 

10.  gp^,  P  being  the  perimeter,  and  p  the  density  of 

81 

the  fluid. 

18.    -J  a  being  the  radius. 

29.  J  PFtana -^   11^  being  the  weight  of  each  rod,  2a 

the  angle  between  them,  and  o-,  p  the  densities  of  the  fluid 
and  solid. 

30.  The  radius  of  the  heaviest  sphere  :  the  radius  of  the 
given  sphere  1  :  \/2,  and  its  density  is  half  that  of  the  fluid. 

3 

31.  •  The  distance  from  the  centre  is  ^^    ,^  (tt  +  2). 

16v2 

Q 

32.  The  equation  to  the  cardioid  being  r  =  2a  cos^  -,  the 
required  depth  is  irr^-. 

33.  The  cylinder  will  be  just  immersed. 

35.  After  522  strokes.  The  cylinder  is  supposed  to  float 
in  a  vessel  of  just  the  same  section  as  the  receiver,  which  fits 
on  the  top  of  the  vessel. 
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38.  If  a,  P  be  the  portions  of  tlie  axis  and  base  immersed, 
/3,  a  the  densities  of  the  cycloid  and  fluid,  and  a  the  radius  of 
the  generating  circle,  the  values  of  a  and  ^  are  given  by  the 
equations, 

39.  fflf  =  ^AG,  Jy  being  the  centre  of  gravity  of  the 

fluid  displaced. 

4Q.  If  2a  be  the  vertical  angle  of  the  cone,  I  the  length  of 
its  axis,  and  h  that  of  the  immersed  portion,  h>l  cos^a. 

41.  If  2a  be  the  vertical  angle  of  the  triangle,  h  the 
distance  of  the  vertex  from  the  base,  p,  a-  the  densities  of  the 
triangle  and  fluid,  the  least  distance  between  the  surface  of 
the  fluid  and  the  vertex  of  the  triangle  will  be 


A.-l^- —  cos' 
2o- 


4' 


50.  IlaA  ( -  log  n  +  — — -  j ,  A  being  the  area  of  the  piston, 

a  the  length  of  the  cylinder,  IT  the  atmospheric  pressure. 

51.  If  TFbe  the  work  done  in  drawing  the  piston  up  in 
the  n^^  stroke,  and  W  the  work  done  in  drawing  the  piston 
up  if  there  was  a  perfect  vacuum  in  the  receiver, 

W'-W_\oge{l+r) 

r  being  the  ratio  of  the  volume  of  the  barrel  to  that  of  the 
receiver. 

54.  The  surface  is  a  paraboloid  of  revolution,  the  depth  of 

2    2  Z 

whose  vertex  below  the  surface  is  — — \--^,  h  being  the  height 

of  the  cylinder,  a  the  radius  of  its  base. 

55.  The  equation  to  the  generating  curve  of  the  level 

surface  is  y^ [o^  —  ^)  —  fju  iz  —^]  =  c^y  which  will  be  an  hyper- 
bola, two  straight  lines,  or  an  ellipse,  according  as  co^  >,  =,  <  //,, 
if  0)^  =  0  the  equation  represents  a  circle.  In  the  three  last 
i  cases  c^  must  be  negative  or  the  locus  is  impossible. 
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56.  If  the  centre  of  gravity  of  the  triangle  he  the  origin, 
and  the  line  about  which  the  fluid  is  revolving  be  the  axis 
of  Zj  the  equation  to  the  surface  is 

{x^  +  f)  (o)'  -  SfjL)  -  3fiz^  -  2gz  =  C. 

57.  ^.(2^— l),  a  being  the  initial  radius  of  the  anni- 
hilated sphere,  and  v  the  velocity. 


OPTICS. 

1.  10  feet. 

aV 

2.  7 ,  where  a  and  h  are  the  distances  of  the  opaque 

and  bright  points  from  the  plane,  and  V  the  velocity  of  the 
latter. 

3.  19.  9.    -^,  where  a  is  the  radius. 
10.     CiT^/2, 

27.    -,  where  a  is  the  distance  of  the  eye  from  the  edge  of 

the  cup.     ^~7qj  where  r  is  the  radius. 

30.    It  divides  the  third  chord  in  the  ratio  of  2  :  3. 

33.  -^  inch ;    2  f  J  inches  from  the  reflector. 

34.  Six  inches  from  the  lens. 

40.  If  r,  8  be  the  radii  of  each  lens,  a  the  distance  between 
them,  //,  the  index  of  refraction  from  air  into  the  lenses, 
/ij  that  from  the  lenses  into  the  fluid,  the  distance  of  the 
geometrical  focus  from  the  second  lens  will  be  given  by 

V         r  s         {fi^  —  fjL)ar-\-[/ju—l)as-\-  fi^sr 
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48.    '^f. 

45.  Magnifying  power  is  diminished  in  the  ratio  of  13  :  27. 
Field  of  view  is  increased  in  the  ratio  of  55  :  26. 

46.  The  focal  length  of  each  is  2  inches. 

47.  12  inches,  —  20  inches. 

71.    The  logarithmic  spiral.  / 


SPHEKICAL  TEIGONOMETEY  AND  ASTEONOMY. 

3.    c'=^a'  +  h\ 

19     ^  —  ^  cosB  —  bcosC 
a  G^-b^ 

15.  3',  39".8  nearly. 

16.  240° ;    20  years,    60  years. 

17.  8250599  miles,  nearly;  supposing  the  earth's  radius 
equal  to  4000  miles. 

18.  After  sunset. 

19.  A  little  above  the  horizon  in  the  S.E. ;  she  will  be 
gibbous,  having  moved  through  ^^^^  of  her  third  quarter,  and 
the  line  joining  the  middle  points  of  the  circular  and  elliptic 
arcs  will  be  inclined  at  about  45°  to  the  horizon. 

21.    47°  51' 19"5  nearly. 

23.  The  star  will  be  visible  shortly  after  the  Sun  sets  in 
the  N.E.,  and  will  remain  visible  till  the  Sun  rises,  when  it 
will  appear  in  the  S.S.W.,  so  that  it  will  be  seen  from  about 
20  minutes  past  eight  in  the  evening  till  five  in  the  morning. 
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25.  12 1  feet  nearly ;  twice,  when  sin©  =  tan  15  cot co. 

26.  Change  in  azimuth  =  change  of  declination 

X  cot  o)  sec  O  cosec  l. 

32.    If  OL,  a  ;  yS,  y8'  be  the  altitudes  of  the  stars  at  the  two 
stations,  the  inclination  of  the  meteor's  path  to  the  horizon  is 
_i  jsina.siny8sin(a'  — y8')  —  sin a'.  siuyQ'.  sin(a  — ^)| 
(sina.  cosyS'  sin  (a  —  /3)  —  sin  a.  cos /S.  sin  (a  —  /8')J  * 

At  the  first  observation  the  height  is  -  .— ,-^ — ^^y—,  a  beina: 

^  sin(a  — /3)  '  ^ 

the  distance  between  the  stations. 


(^  . 
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